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ABSTRACT

The numbers of elastic constants in the anisotropic medium has been investigated through the Car-
tesian co-ordinate p]ane symmetry. We have observed different types of anisotropic medium have
different number of elastic constants. These constants are related with the properties of the me-

dium.

Key words: Anisotropic medium; monoclinic medium; orthotropic medium; transversely iso-

tropic medium; isotropic medium.

INTRODUCTION

A uniform material which contains an in-
ternal structure (such as crystal), so that elas-
tic properties vary with direction, is defined as
anisotropic elastic medium. The variation of
properties for purely elastic solids containing
crystals can be fully described by a fourth-
order tensor of anisotropic elastic constants.
Theoretical seismology aims to study earth-
quake phenomenon with the application of
mathematical methods. Earthquakes and
other disturbances generate seismic waves,
which give information about both the source
and the material they pass through. An earth-
quake is the result of release of energy some-
where inside the earth. This released energy
sets up various types of elastic waves which
are transmitted in the earth with definite ve-

Corresponding anthor: Sarat Singh
Phone: +91-9863274645
E-mail: saratcha32

Fax : 0389-2315212

rahoo.co.uk

locities depending on the density and the elas-
tic parameters of the materials in the earth.'
Seismologists observed that the seismic
waves propagated by sedimentary rocks do
not always behave as if the medium were iso-
tropic. The property of velocity anisotropy,
hereafter referred to, simply as anisotropy, is
characterized by the variations of velocity
with the direction of propagation. Many re-
searchers investigated the problem of anisot-
ropic elastic medium. Song and Helmberger?
investigated the problem of anisotropy of
Earth’s inner core. They explained the differ-
ent forms of anisotropy in the earth’s inner
core. Musgrave® showed the theoretically and
numerically that there are fundamental differ-
ences between the propagation of seismic
waves in isotropic and anisotropic media.
These differences are subtle and difficult to
detect on observed seismograms. Crampin®
observed that the calculation of synthetic seis-
mograms is an important technique for deter-
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mining the effects of anisotropy on seismic
wave propagation in any particular earth’s
structure. Singh’ studied the quasi nature of
elastic waves in the anisotropic medium. He
had shown that the quasi nature of elastic
waves is due to the phase velocity of elastic
waves in the anisotropic medium depending
on the angle of propagation of the medium.
Auld® studied the problems of acoustic fields
and waves in solids. Malvern’ attempted the
problem on the introduction to the mechanics
of a continuous medium.

In this work, the fundamental of anisot-
ropic medium has been discussed. We have
observed that different types of anisotropic
medium have different number of elastic con-
stants to represent the stress—strain relation-
ship. We study the generalized anisotropic
medium, monoclinic medium, orthotropic
medium, hexagonal symmetry, transversely
isotropic medium, cubic medium and iso-
tropic medium which are having different
number of elastic constants.

HOOKE’S LAW

The generalized Hooke’s Law says that for
sufficiently small strains, each component of
stress tensor is a linear combination of the
components of strain tensor. The coefficients
in the linear form connecting the components
of these tensors are elastic constants. In the
generalized Hooke’s Law, there are thirty six
elastic constants and is given as

= Cyuew, (4, j, k, 1 =1, 2, 3); Ciju = Cjia

= Cijlk 2.1

Let us introduced the following notations

to avoid dealing with double sums

31 =3 J:=32  J3=3Tss

54 = 523 \55 \531 \56 \512 2.2
€ = €n € = €» €3 = €33

€4 = 2623 €5 = 2631 € — 2612 2.3
Equation (2.1) may be re-written as
J1=Cijej (1,] = 1,2, ,6) 2.4

which may be represented the following ma-
trix as

Cy1 Cyp Cy3 Coy Ciz Cigrta
Cyq Cap Cag
G5 Gy Caa Cas G35 Coe || B3
Ca1 Cag Cuz Cay Gy Cye
€51 Cog Cog Coy Cop Cee || %5
R N P P e

[y

W | X

B2

‘! f.-.'?!_E-.'ELE..'E Ll

e

2.5
Or in terms of co-ordinates

EH Cy1 Cyp Gz Gy Cyg Cyg[ B
Syy Cay Cag Ca3 Coy Cog Cog || Eow
S22 — C31 Gz Caa C3g Ca5 Cg || ==
5;.-3 C41 ng C43 ‘744 (-45 Cqs ¥
- Ce1 Cp Csg Coy Cos Cog || 222
L5y Ce1 Cez Cez Cos Cog CogdL 282y
where S = 3 Syw=3J2  J2=33
J3:=31 Bua=3T5 [y =Js
€x = € €y = € €z = €3

2ey, = €4 2e,, =€ 284y = €

The maximum number of elastic constants
is thirty six in this case.

The strain energy density function (W) of
the an1sotrop1c medium is defined by

W = Cue €; 2.6
with the property that
W=y (=1, 2,3) 2.7
de;

Differentiating Equation (2.4) with respect
to e, we get

ow de; de;

er = 2 —C (—e +ela )

E Cij (Siku €; + eiSjk)

1 1
=3 Cuat; e 2.8

(Because j is dummy suffix)
By Equations (2.4) and (2.7), we have
Sk = Cue
oW
and G = Cue
Wilth the help of Equation (2.8)
5 Cuigy +% Cixe; = Cye;, which implies that
Cii=Cyor G =

Cji (1’.] = 1, 27 3)7 i-e-, Cij
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1s symmetric.

This makes 21 elastic constants. Thus
twenty-one independent elastic constants
form a general anisotropic body. If any me-
dium is elastically symmetric in certain direc-
tion, then the number of independent con-
stants may be less than 21.

STRESS AND STRAIN UNDER THE TRANS-
FORMED OF AXIS

Let us transform the coordinate axis from
X, Y,Z)to (X" ,Y" ,Z ) with the follow-
ing direction cosines given by

X Y y4
X l11 l12 l13
Y’ l21 l22 I23
z 31 32 33

In the new transformed coordinate system,
the generalized Hooke’s Law is given as

Ii=0C¢ (G,j=1,2,...,6) 3.1
The new stress traction may be written as

SFG:E = li:ﬁ:iE,G_;l"‘r:s’:'_;l'; ((1, B, 17.] = 17 2'7 3) 3.2
Thus 3’31 = L3l 5 (1,j=1,2,3)

= Ll S+l o+l 3+l +
Lol 12320 +H100133 23+ 1311151+ 3112332+ 113113333

3.2a
I = Ly (1,7 =1, 2, 3)
= Ll S22 12115313+ 2101304
+12012:F 22122123323+ 12312131 123122352
+1531533 33 3.2b

5’33 =13il3j5ij ) (1,] = 1, 2, 3)
= Llsi S+ 511523 12+ 152031301 132152322+
Lsolsz J2z +Hs2l33323+H 133151331 +H33152332
+133133333 3.2¢
5’23 :12i13jsij ) (1,] = 1, 2, 3)
=Ll Sl S+ 11333 13+ 0151 o+
Loolss Jaz +1oal33I23Hosl31 33123152332
+123133333
I’ :131111'31]' )

3.2d
(1,i=1,2,3)

Sl ES SRR SR o 81 PPN TP ) ER PR TR o EPI PP PSR B
2l B2z Hlaol 13323+ 33111 331 133112330+
133113533 3.2e
3,12 =11112j31j N (1,] = 1, 2, 3)
=il Hnle I3 13H 10121551+,
PIEYIN 7Y% 3 OP) CRIR PYS o PEY CYO SOE o URY PP RV o PR PRI B
3.2f
The new strain components may be writ-
ten as
elag = lailgjeij N (a, B, 1,] = l, 2, 3) 33
Thus ¢';; = Liliien+lilientlilises+lilies
+liolis €25 Hiplizeas+lislies+lislies,
+1i3l13€33
€' = hilyenthilpenthilsestlslies
12155 €22+ 10l3€03H 5310 €31+ 1310083+ 1hsl03€35
3.3b

3.3a

€'ss = Lalsientlsilsentlnlsier+lslses,
132155 €x+155033€23 153151631 F1ssl50€3+ 133l 53€33
3.3c

€'z = Lulsien+lalsentlylisestlnlsies
+pols1 €21+ 1anl5€20+ nol33€23+ a3l 50635+ a3l 55633
3.3d

e's; = Lalnentllpentlslisestlnlies
R O SN TR CP PRY-SR ) KR PRY-EVE o CFY CPYCRPE o KXY RYCEN

3.3e
¢ = InlySitlilsentlilses+Hialses
+1i2lps €22+ 110lh3 €23+ 15101831 +]i5l10€3,
+113113e33 33f

Thus, we have seen that there are different
values of stress tensors and strain tensors for
the new co-ordinate systems. This makes us
possible to find the different numbers of elas-
tic constants for different elastic plane sym-
metry.

MEDIUM WITH ONE PLANE OF ELASTIC
SYMMETRY

A substance is considered elastically sym-
metric with respect to XY -plane (or Z-plane).
Under this symmetry, the elastic constants are
invariant in the transformation

X=X Yand Z=-2’
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P(XY,-2)

VAT

Figure 1. Reflection symmetry across XY-plane.

The direction cosines for this transforma-
tion are given as

X Y Y4
X 1 0 0
Y’ 0 1 0
zZ 0 0 -1

With the help of Equations (3.2a-f) and
(3.3a-f), we have

3’1 = 51 3,2 = 32 3’3 = 33
3’4 = '34 5’5 = '55 3’6 = 36 4.1
and 6’,1 = € 6’,2 =€ 6’3 = €3
6,4 = -€4 €’5 = -€;5 6’6 = € 4.2
Using Equations (4), (10), (13) and (14),
we get
31 23,1
or Cjie; + Cipe; + Cize; + Ciyey + Crses +
Cie€s
= Cpue'y + Cpea+ Cise's + Cuds + Cise's
+ Cie€'s
or Cye; + Cipe; + Cizes + Cryey + Cises +
Cie€s
= Cye; + Cppey + Cises - Ciyey - Crses +
Cie€s

or Ciseq + Cises = -Cryey — Cyses

Comparing the coefficients of e, and es, we
have

C14 = 'C14 and C15 = -C15 which lmplles C14
=0 and C15 =0.

Simﬂarly, 3’2 = 32 giVCS C24 =0 and C25 =

0;
3’3 = J;gives Ca3y = 0 and Cs5 = 0;
3,4 = '34 giVeS C41 = C42 = C43 = C46 = 0,
3’5 = '55 giVeS Cs] = Csz = C53 = C56 = 0,
5/6 = Sé giVCS C64 = C65 =0.

The system of Equation (2.5) may be re-
written as

31 i1 € Ci30 0 Cren

3z €1 Gy G 0 0 Oy []e2

Sa|_|Ca1Gaz G0 0 Gy lem

3. 10 0 0 Cu Cig0|]es

3. 0 0 0 CaCi0 gz

Jg Ce1Cez Gz 0 0 Cpel™e
4.3

There are only thirteen elastic constants. A
medium in which the elastic system is repre-
sented by thirteen elastic constants is known
as anisotropic medium with monoclinic sym-
metry or monoclinic medium.

MEDIUM WITH TWO PLANE OF ELASTIC
SYMMETRY

A medium of two plane elastic symmetry
is generally denoted as orthotropic medium.
In such a case, we choose the axis of the co-
ordinates so that the co-ordinate planes coin-
cide with the planes of elastic symmetry as
shown in Figure 2.

X' «— YZ-plane

I

| XY-plane

e

Figure 2. Reflection symmetry across two mutually
orthogonal planes (XY & YZ).
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Under this condition, a few elastic con-
stants in Equation (4.3) vanish. The elastic
constants C; are symmetric with respect to
both XY-plane & YZ-plane. The stress-strain
relation is invariant under this transformation
of co-ordinates and the direction cosines are
as follows

X Y V4

X -1 0 0

Y’ 0 1 0

4 0 0 1
X=X, Y =Y; zZ =7

By the Equations (3.2a-f) and (3.3a-f), we
have

5’1 =3 3,2 =3, 5’3 = 53

I =-3, 3J's =-3s I's = s 5.1
and €,1 = € 6,2 =€ 6’3 = €3

6’4 = -€4 6”5 = -€5 6”6 = € 5.2
Now by 31 =3

Ciie; + Cizer + Cize; + Coees

= Cpe'y + Cpe'y+ Ciae's + + Ciee's
or Cie; + Cyze; + Cisze; + Ciees

= Cpe; + Cpaep + Cizes - Crets
or C16eé = -C1666 or C16 = -C16
or C15 =0

Similarly
N2 = 32 gives C25 =0
3’3 =3;gives C36 =0
= 34 giVeS C45 =0
'55 giVCS C54 =0

3,6 =- 35 gives C51 = C62 = C53 =0
and the system given in Equation (4.3) re-
duces to

LR &
W
1

F11 €y C1aCya0 0 07rey
32 C21052C530 0 0O ]&;
Sa|_ [C31€32C330 0 Ofje;
F.l |00 0 Cp0 0 ||es
3. | 0000 C50 ||es

00000 C,lle

1]

5.3

There are only nine independent elastic
constants. A medium in which the elastic sys-
tem is represented by these nine constants is
known as anisotropic medium with ortho-
rhombic symmetry or orthotropic medium.

ROTATION OF AXIS
Rotation about X-axis

In this case, the co-ordinate axis is rotated
about X axis, i.e. X-axis kept fixed and ro-
tated the system in such a way that Y axis
equal to Z axis and Z-axis equal to negative
of Y axis.

The direction cosines for this transforma-
tion are given as

X Y Y4
X 1 0 0
Y’ 0 0 1
z 0 -1 0

By the Equations (3.2a-f) and (3.3a-f), we
have

3’1 = SI Slz = 32 3,3 = 33

Iy =3 J's =-Ts I =3s 6.1
and €' = ¢ e,=e, ei=¢e;

8’4 = -€4 6”5 = -€¢ 6”6 = €5 6.2

Now, by J'; =3, we have
Cier + Cipe, + Cizes = Crpe'y + Cppea +
C13€’3
or Cye; + Cppe; + Cize; = Crieg + Cioes +
Cise;
or Cpze; + Cizes = Cyzey + Crpes
On comparing the coefficients of e, & e3
Ci2=0Cys
Similarly, by J', = 3, gives C3; = Cy, and
J's = - gives Cgs = Css
Hence the system of elastic constants in
Equation (5.3) reduces to
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S €1 €32 6120 0 0 qrey
_E C12 €3 €230 0 0 |2,
Sa|_| Ci2€3 G50 0 0 |feg
3,07 000 €00 |le
5. 00 00 C.0 |les

0 0000 clle

i

6.3

Under this system, the number of elastic

constants is reduced to six. A medium in

which the elastic system is represented by six

constants is known as anisotropic medium
with hexagonal symmetry.

Rotation about Y-axis

The direction cosines for this transforma-
tion are given by

X Y z
X 0 -1 0
Y -1 0 0
zZ 0 0 1

By the Equations (3.2a-f) and (3.3a-f), we

have

3’1 =3, 3,2 =3 3’3 =3;

I =-3s J's = -3 I = Js 5.1
and 6,1 =& €’2 =€ €’3 = €3

6’,4 = -€5 6’,5 = -€4 6’6 = €5 5.2

By using Equations (6.4) and (6.5)
3 =3,

or Ce'+ Cpels+ Crae's = Cpep + Cpey +
Cases

Or Ciie; + Ciae; + Cppes = Cppep + Cpep +
Cases
Comparing the coefficients of e, and e;
Ci1=Csand Cy, = Cy3
Similarly by 3’y = -35 gives Cyy = Cge.
The system of Equation (6.3) changes to

S €1 €12 €120 0 Oyrey
3z Ci2 €13 €150 0 Offes
Ja| _ | €12 G2 C14,0 0 Offey
3,700 0 C0 0fles
S| |00 00 C.0lles
Je 0 00 0 0C, 1%

6.6
There are only three (Ci;, Cip, Ces) inde-
pendent elastic constants which describe the
elastic property of the medium. A medium in
which the elastic property is represented by
only three constants is known as anisotropic
medium with cubic symmetry or cubic me-
dium.

Rotation about Z-axis

Keeping Z-axis fixed and rotating the co-
ordinate system through an angle 1 / @ give
a new co-ordinate system (XNj, YNj, ZNj) as

AY
X’.A,,.v

Y’ .-.4.4.4.4.4.... 450

ra | r-l-

0
N

ZI

Figure 3. Rotation of XY-plane around Z-axis by |, / 4 .

The direction cosines relating the Z-
systems are given by

X Y z
X’ N2 12 0
Yy’ -2 12 0
z 0 0 1
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By the Equations (3.2a-f) and (3.3a-f), we
have

1
SI3= 33 5’4=E (54'35)
o/ _i o~ o~ o~ 1 ~ o~
S5 = N (J4+Js) 6_T§(~52‘~51) 6.7
and, v

ey = % (e1-2egtey)
) 1
€4 =7 (e4-€5)
) 1 )
€s = NG (eq4tes) e'c =(ex-e1) 6.8
From Equations (6.7) and (6.8), we have

o~

s =5 (351)

or Ceee’s = % (Croe1+ Cryex+ Croes-Cryeg
- C12 82- Cy2 €3)

or Ces (e2-€1) = % [(C12 - C11)e1-(Cro-Crr)er]
Comparing the coefficients of e; (or e,)

Ce6= % (C11-C12).

Then, the system of Equation (6.6) reduces
to

51 Ci1 G2 Gz 0 00 g1
5z €12 Gy Gy 0 0 0| Je:
Ja|_ | Ci2 G2 Cug 0 0 0 €3
J4| [000 (€y—-Cp)/2 0 0 s
S| |0000 (€y—Cp)2 0| |es
5 000 00 (C,—Cyp)2l le

i

6.9
There are only two elastic constants Cy;
and C,, in the stress-strain relations. Such a
medium in which the elastic property is repre-
sented by only two elastic constants is called
isotropic medium. Generally, in such a me-
dium C;; = 0+20 pJ and G =[J. The stress-
strain relation is represented by

Sij= 206, +2pey, (i,j=1,2,3) 6.10

where U represents the cubical dilation, _
& p are Lame’s constants, Uy represents the
Kronecker’s delta.

TRANSVERSE ISOTROPY AND AZIMUTHAL
ANISOTROPY

The transverse isotropy 1is elastically
equivalent to hexagonal symmetry with verti-
cal axis symmetry. Keeping the Z-axis fixed
and rotated the two axes at an angle U. The
stress-strain relations remain invariant under
this transformation. The direction cosines for

the transformation are given by

X Y 4
X Cos t Sina 0
Y’ -Sin 0 Cos i 0
z 0 0 1

By the Equations (3.2a-f) and (3.3a-f), we
have

3, = cos’0 J; +2sin0 cosO Jg+sin’0 J,

', = sin0 J; - 2sin@ cosO Jg+cos’O J,

3’3 = 33

3y = - sinO J5 +cosO I,

3's = cosO Js +sin@ I,

J's = -sin@ cosO J;+cos°0 Je-

sin’@ J4+sin0 cosO S, 7.1
and,
¢'| = cos’Oe;+sin® cosBOeq+sin’Oe,
¢', = sin’Oe, - sinO cosOes+cos’Oe,
€'y = e;
¢y = - sinOes+cosOe,

¢'s = cosOes+sinOe,
¢'s = - 2sin@cosOe;+cos’Oeg - sin’Oeg
+2sin@cosBe, 7.2
Using Equations (5.3), (7.1) and (7.2), we
get
' = cos’O F; +2sin0O cosO Js+sin’0 J,
or Ciie'y + Cppe'y + Cise's
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= cos’0 [Cyie; + Cpe, + Cises] +2sinOcosO
Ceses +sin’[Cyie; + Cprer + Cozes)
or Cy;[cos?0 el+ sin@cosO eg+sin’Oe,]+ Ci,
[sin’@ e,—sin@cosO es+cos’Oe,]+C ;63
= cos?[Cy e, + Cpze; + Cizes]+ 2sinOcosO
Cﬁéeé +sin20[C21el + C2ze2 + C23e3]
or (C,;c0s’°0+C;sin*0)e, +(C;,5in’0+C ,cos’
0)e, +C3e3+(Cy1-Ci,)sinOcosOeg
- (Cy1c08*0+C,51n’0)e; +(C1,c05°0+C,ysin?
0)e; +(Ci3 cos’0+C,3sin’0)e;
+2s1in0cosOCgse6
Comparing the coefficients of e, (0r e;) and
€
C,,51n20+C,c05%0 = C;,c05°0+C,,sin%0
which giVCS C11 = C22
and 2sin@cosOCqys = sinB@cosO(Cy; — Cpy)
or Ce = (Cy; - Cy2)/2 which gives C;3
= Cy;3 c0s’0+Cy;sin* @ or Cy3 = Co;s
By the relation J'; = - sin@ Js +cosOJI, we
have
Cue's = - sinO Css es+cosO Cyy €4
or Cyy [- sin@es+ cosOe,] = (Cyy cosO) es— (Css
sin@)es
or (Cyy cosO)es— (CyysinB)es = (Cyy cosO) e4—
(Css sinO)es
or Cyy = Css
Thus, under this symmetry
Ci1=Cyy 5 Cuy=Css
= (Ci1-Ci)/2
Thus, in the crystallographic system, the
stress-strain relations are given by

Ci3=Cy;; Ces

([ AP
31 Cn Cip Cp 0 0 0 e
R7) Cwn Cu Cuw 0 0 0 €2
J3 | = |Co2 Cu Cn 0 0 0 €3
R 0 0 0 Cus 0 0 €4
3s 0 0 0 0 Cu 0 €5
R 0 0 0 0 0 (Cll' Clz)/z €6
L VA

7.3

There are only five elastic constants in the
stress-strain relation. A medium in which the
stress-strain relations are represented by only
five elastic constants, is known as transverse

isotropic (also known as radially anisotropic,
axisymmetric and cylindrically symmetric)
medium. A transversely isotropic material
can be characterized by five independent elas-
tic coefficients C;;, Cs;3, Cy3, Cys, Ces that rep-
resent its aggregate properties.

CONCLUSION

We have discussed different elastic con-
stants in the anisotropic elastic solids. We
may conclude the following points:

1. The number of elastic constants in the

generalized anisotropic medium is 21.

2. The number of elastic constants in the
monoclinic medium is 13.

3. The number of elastic constants in the
orthotropic medium is 9.

4. The number of elastic constants in the
anisotropic medium with hexagonal
symmetry is 6.

5. The number of elastic constants in the
transversely isotropic medium is 5.

6. The number of elastic constants in the
cubic medium is 3.

7. The number of elastic constants in the
isotropic medium is 2.
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