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ABSTRACT

In the present paper, some geometrical properties of projective curvature tensor, conformal curva-
ture tensor and m-projective curvature tensor in Para-Sasakian manifold are studied.
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INTRODUCTION

Let M be a n-dimensional contact manifold
with contact form n, i.e. n A (dn)™ #0. It is
well known that a contact manifold admits a
vector field &, called the characteristic vector
field, such that n(¢é) =1 and dn(¢,X) =0 for
every X € y(M). Moreover, M admits a
Riemannian metric g and a tensor field ¢ of type
(1, 1) such that
@? =1-n®¢, g(pX,Y) =
dn(X,Y) (1.a)

We then say that (¢,&,n,g9) is a contact
metric structure. A contact metric manifold is
said to be a Sasakian if
(Txp)Y = g(X, V) —n(¥)X

In which case

gX, &) =nX),

(1.b)
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("x$) = —@X, RX,Y)§=n¥)X - rl(X)Y(1 )
.c

where V denotes the operator of covariant
ifferentiation with respect to the metric tensor g.

An n-dimensional differential manifold M is
said to admit an almost paracontact
Riemannian structure (¢, ¢,7n,g) on M if
9$=0, np=0, n@) =1, gX.§) = n((X)O,I)

1.

P?X =X — n(X)¢,  g(pX,pY) = gX,Y) -
n(X)n(v), (Le)
for all vector fields X and Y on M. If (¢,¢,n,9)
satisfy the equation

Vxé = X , (1.9)
(xp)Y = —g(X, V)¢ —n(¥)X + 2n(X)n(Y)§ , )
1lg

then M is called a Para-Sasakian manifold.
It is well known that in a Para-Sasakian

manifold the following relations hold 2

9(@X,0Y) = g(X,Y) —n(Xn(Y)

SX, &) = —(n—Dn(X)

(1.1)
(1.2)
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R(X.YZ) = g(X,2)Y — g(Y,2)X (1.3)
R(X,Y, &) =n(X)Y —n(Y)X (1.4)
S(eX, 9Y) =SX,Y)+ (n—DnX)n) (1.5)
where S is Ricci tensor and R is the curvature
tensor of the manifold M.

THEOREM

(1): In a Para-Sasakian manifold with
constant curvature -1, we have
P (pX, @Y, 9Z W)
=P(X,Y,Z W)
—n(W)P(X,Y,Z,§)
where P is the projective curvature and given as
P(X,Y,Z) = R(X,Y,Z) - ——{S(Y,Z)X -

S(X,2)Y}. (1.6)
PROOF

We know that
P'(X,Y,Z,W)=g(P(X,Y,Z)W)
and therefore from (1.6), we have
PXY,ZW)=
R'X,Y,Z,W) = {S(V, ) g(X,W) -
SX,2)g(Y, W)} (1.7)

Operating ¢ on X, Y, Zand W on both
sides of (1.7), we have
Pl'(coX @Y, 0Z,@W) = R (¢X, @Y, pZ, W) —
— (S(oY, 0Z)g(pX, W) —
S(pX, 9Z)g(pY, W)}

Using equations (1.1), (1.3) and (1.5) in
above equation, we have
P'(¢X, pY,@Z, W) =
Hg(X,Z) —nXn(Z)Hg(Y, W) —n(¥I)n(W)}

—{g(X,lz) —nXOn(DHg X, 2) -
nCON@H - =[S, 2) +
(n— Dn(¥)n(2HgX, W) —n(X)n(W)}
—{S&X,Z2) + (n — D)n(XOn(Z)Hg (Y, W)
—n(¥)n(W)}]

=l{g(X. 2)gY, W) —gX,W)g(y,2)} -
E{S(Yl 2gX W) —-SX,2)g(Y, W)} —

n(Wz[g(X, ZnY) — gy, Z)n(X)
—m{S(Y, ZnX) = SX, Z)n(V)}]

R'(X,Y,Z, W) — ﬁ{S(Y, 2)g(X, W)

=SX,2)g(Y, W)} —n(W)[g(X, Z)n(Y)
- g, Z)n(X)

1
— 7 5. 2)n() - S(X. Z)n(}] -
Therefore, we have
P (oX,pY, 0Z, W)
=PXY,ZW)
This completes the proof.

THEOREM

(2): In a Para-Sasakian manifold with
constant curvature -1, we have
C(@X,0Y, @Z, W)
=C'(X,Y,Z, W)
—nW)C'(X,Y,Z,§)
+n(Z2)C (X, Y, W,§)
where C is the Conformal curvature tensor and
given as
C(X,Y,Z)=R(X,Y,2)

- L{S(Y, DX —SX, 2)Y
n—2

+g(Y,2)QX — g(X,2)QY}
+ 0 W DX — g, D)V, (1.8)

PROOF

From (1.8), we have
C'(X.Y,Z,W)=RXY,Z,W)

1
_nTZ{S(Y'Z)g(X' w)

-SX,2)g(Y,w)
+g(Y,2)S(X, W) — g(X, 2)S(Y, W)}
+m{g(Y,Z)g(X, W) —gX,2)g(Y,W)}
(1.9)

Operating ¢ on X, Y, Z and W on both

sides of (1.9), we have
C1'(<pX @Y, pZ, W) = R (¢X, Y, 9Z, W) —
— (oY, p2)g(pX, W) —
S(pX, 9Z)g(pY, W)
+9(@Y, 9Z)S(pX, W)

— 9(@X, Z)S(pY, W)}
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Tr
+m{g(¢y, ©Z)g(pX, W)
—9(eX,0Z)g(@Y, W)}

Using equations (1.1), (1.3) and (1.5) in
above equation, we have
C'(0X, oY, 9Z, W) =
Hg(X,2) = n(Xn(@)Hg(Y, W) —n(¥)n(W)}

—{g(lY. Z) —=n(Y)n(2)HgX, W) —n(X)n(W)}]
- [{s(Y,2)

+ (= Dn(n(2HgX, W)
—nX)n(W)}
—{5X,2) + (n — Ln(Xn(2)Hg (Y, W)
—n(Mn(W)}
Hg X, Z) —nXnZ)HSY, W)
+ (n—Dn(Y)n(W)}
—{g(¥,Z) —n(Y)(2DHSX, W)
+ (n— DnX)n(W)H}]

T
+m[{g(yl)

—n(n@Z)HgX, W)
—nXn(W)}
—{9X.Z2) —nXn(@2)Hg(Y, W) —n(¥Y)n(W)}]
={gX, 2)g(Y, W) — g(X, W)g(Y,Z)} -
nW)H{gX, Z)n(Y)
—g(Y, Z)n(X)} + n(Z2){gX,W)n(y)
—g(¥, Wn(x)}
—Z[S(Y,.2)g(X, W) = SX,Z)g (Y, W) +
g(¥,2)S(X,w)
—g(X,Z)S(Y, W) = S(X,Z)n(Y)n(W) +
S, Z)n(X)m(W)
—(n—Dg¥,Z)nX)n(W) +
(n—DgX,Z)n¥)n(W)
=S, ZnXnW) +SX, WIn(Y)n(Z) —
(n =g, WnX)m(2)
+Q1—
Dg¥, Win(Xn(2)]

r

* (n-1)(n-2) [g(Yx Z)g(X, W)
—g(X, 2)g(Y, W) + g(X, Z)n(Y)n(W)
— g(¥, 2)n(X)n(W)

+g(¥, Win(X)n(Z2) — gX,Win(¥)n(2)].
After some calculations, we have

Singh

C'(pX, @Y, @Z W)
=CXY, ZW)
—nW)C'(X,Y,Z,€)
+n(2)C (X, Y,W,§&)
This completes proof of the theorem.

THEOREM

(3): In a Para-Sasakian manifold with
constant curvature -1, we have
H (pX, Y, 9Z W)
=HXY,Z W)
—n(WH'(X,Y,Z,§)
+n(Z2)H (X, Y, W,§)
Where m - projective curvature tensor is
given by?
_ 1
H(XIYIZ)_R(XYYIZ) 2(n-1)

SX,2)Y +g(Y,2)QX — g(X,Z)QY}
and H(X,Y,Z, W) =H'(Z,W,X,Y)

{S(Y,2)X —
(1.10)

PROOF
From (1.10), we have
HXY,ZW)=RX,Y,Z W)

-SX,2)g(y,w)
+g(Y,2)SX, W) —g(X,Z)S(Y, W)}

(1.11)

Operating ¢ on X, Y, Z and W on both
sides of (1.11), we have
H'(pX, @Y, @Z, W)
=R (@X,9Y, 0Z oW)

- m{S(q’Y, »Z)g(pX, W)

=S(pX, 9Z) g(@Y, W) + g(@Y, pZ)S(pX, W)
—9(0X, 9Z)S(eY, W)} .

Using equations (1.1), (1.3) and (1.5) in
above equation, we have
H'(pX, @Y, pZ, oW) =
Hg(X,Z2) —nXn(2)Hg(Y, W) —n(¥I)n(W)}

gV, 2) — (Y2 HgX, W) —n(XI)n(W)}]
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1
5 S, 2) + (n = Dn(n(Z)Hg (X, W)

—n(Xn(W)}

—{SX,2) + (n — Dn(X)n(Z2)Hg (Y, W)

—n()n(W)}

Hg(X,Z) = n(Xn(Z2)HSY, W)

+ (n— Dn(Y)n(W)}
—{g9(¥,Z) —n(Y)(2HSX, W)

+ (n—Dn(X)n(W)}]
={gX,2)g(Y, W) —g(X,W)g(Y,Z)} —
nW)H{gX, Z)n(Y)

—g(Y, Z)n(X)} + n(Z2){gX, W)n(y)

) —g(Y, W)nx)}
— =[SV, 2)g(X, W) = S(X, 2)g (Y, W) +
g(¥,2)S(X,w)
—g(X,Z)S(Y, W) = S(X,Z)n(Y)n(W) +
S, Z)n(X)m(W)
—(n—1Dg¥, Z)nX)n(W) +
(n—1DgX,Zn¥)nW)
=S, Z)nXnW) +SX,Wn(Y)n(Z) —
(n—Dg¥, WinX)n(2)
+(n— g, W)n(X)n(2)]

=RX.Y.ZW)- m{S(Y, Z)g(X, W)

- S(X, 2)g(Y,w)

+g(Y, 2)S(X,W) — g(X,Z)S(Y, W)}
- n({/V)[g(X, Z)n(Y)

-9, Z)n(X) - m{S(Y, Z)n(X)
—-SX, Z)n()
+(n—1gX,Z)n(Y)

—(m =g, Z)nX)} +n(Z)[gX, W)n(Y)
- gy, W)n(x)

{SO, Win(x) = S(X, W)n(y)

+(n—1)gX, W)n(Y)
+(n—DgX,Winy) —(n-
Dg¥,Win(X)3.

Therefore, finally we have
H'(pX, oY, @Z, W)

=HX,Y,ZW)

—n(W)H (X,Y,Z,§)

+n(Z)H X, Y, W,$)

This completes proof of the theorem.

T 2(n-1)
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