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equations of state to determine the thermodynamic stability
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The known van der Waals and Berthelot equations of state do-not precisely
describe the thermodynamic properties of fluids. To improve its accuracy, the
attractive term of the van der Waals equation of state has been modified in six
different ways. These generalized equations of state have been employed to
determine the spinodal (thermodynamic stability boundary) and the
thermodynamic limit of superheat of liquid lead. The equations of state are
rewritten in reduced form, from which follows the law of corresponding states. The
appropriate modification of the attractive term of the equation of state yielding the
value of thermodynamic limit of superheat agreeing with the experimental value
for lead has been established. It has been established that liquid lead can be
superheated, under rapid heating, up to a temperature 4565 K. That is, liquid lead
can be superheated to 2544 K above the normal boiling temperature. At the
thermodynamic limit of superheat, the volume of the liquid lead is 4.0095 × 10 -5
m3 mol-1. This fact is to be taken into account when liquid lead is subjected to
rapid heating.
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Introduction
The study of the thermodynamic properties of
lead is of scientific and technological significance.
The experimental studies on the thermodynamic
properties of the lead in the metastable region,
encounter severe difficulties. Thus, arises a need for
theoretical studies on the thermodynamic properties
of lead in the metastable region. In recent years,
several studies have been made on the
thermodynamic properties of lead.1-9 This fact
manifested the relevance of the study of the
thermodynamic properties of lead. One of the
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statistical-mechanical
and
thermodynamical
approaches to study the thermodynamic properties
of substance is the development of equation of state
for substances. To improve the accuracy, the known
equations of state are generalized by modifying the
attractive terms.10-19
The physical properties of lead are melting
temperature Tm = 600.6 K, boiling temperature Tb =
2021 K, critical temperature Tc = 5000 K, critical
pressure Pc = 180 MPa, critical density Dc = 3250
Kgm-3, critical volume Vc = 6.3754 × 10-5m3mol-1,
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critical compressibility Zc = 0.2761 and thermal
conductivity σT = 47.7 Wm-1K-1. This work is aimed at
developing a new equation of state for lead in the
metastable state. In the technological processes such
as laser ablation, wire explosion and cooling the fastneutron nuclear reactors, lead undergoes rapid
heating. This results in the superheating of liquid
lead to temperatures above its equilibrium boiling
temperature. However, there is a limit in temperature
up to which the liquid lead can be superheated at a
given pressure. The temperature of superheat, under
zero pressure, is the thermodynamic limit of
superheat. The superheated lead is in a metastable
state which on the phase diagram lies between the
binodal and the spinodal. The performance
characteristics of the modified equations of state in
describing the properties of lead in the metastable
state are investigated. In this respect, the known van
der Waals and Berthelot equations of state are
modified by incorporating new parameters in their
attractive terms.

Generalized Equations of State

(1)

RT
a
P=
− m
V − b T (V + c) n

Where P = Pressure; V = Molar volume; T =
Temperature; R = Universal gas constant; a, b, c, m
and n are substance-specific parameters. Four
special cases of Eq. (1) with m = 0, m = 1, m = ½
and c=b are also considered. The parameters a, b, c,
m and n of the modified Berthelot equation of state
are
determined
through
the
critical-point
parameters.
The vapor-liquid critical point conditions are
 2P 
 2  = 0
 V Tc

(2)

Application of the critical-point conditions to the
equation of state given by Eq. (1) gives the critical
volume, critical temperature and critical pressure as
Vc =

[(n + 1)b + 2c]
(n − 1)



4na (n − 1) n −1
Tc = 
n +1
n −1 
 R(n + 1) (b + c) 
133

P* =
1
m +1

(5)

When Eqs. (3)-(5) are taken into account, we get the
critical compressibility factor as
Zc 

PcVc (n − 1)[(n + 1)b + 2c]
=
RTc
4n(b + c)

(6)

Equations-of–state Parameters
Eq. (6) may be rearranged as
(7)

n 2 b − [4(b + c)Z c − 2c]n − (b + 2c) =0

The parameters a, b, c and n of the modified
Berthelot equation of state are determined through
the critical–point parameters. Eq. (7) is a quadratic
equation with respect to the parameter n. The
physically meaningful solution (i.e. n>0) of Eq. (7) is
2

The known van der Waals and Berthelot equation
of state do not precisely describe the
thermodynamic properties of fluids.20,21 This may be
attributed to the inaccurate attractive terms in these
equations of state. Hence, new equation of state is
proposed by introducing new parameters in the
attractive term. Such modified equations of state for
one mole of substance have the form:

 P 

 =0
 V Tc

1

 aR m (n − 1) m + n (n − 1) m +1  m +1
Pc =  2 m m
n +1
m+n 
 2 n (n + 1) (b + c) 

2cZ c c  
2cZ c c   2c  (8)

n =  2Z c +
−  +  2Z c +
−  +  + 1
b
b 
b
b  b


Eq. (3) may be rearranged as

(n − 1)Vc = [(n + 1)b + 2c]

(9)

From Eqs. (3)-(6), we get the expressions for the
equation-of-state parameters as
1

RTc m +1 (n + 1) n +1 (b + c) n −1
a=
4n(n − 1) n −1

(10)

 (n − 1) 
b = 1 −
Vc
2nZ c 


(11)

 (n 2 − 1) 
c=
− 1Vc
 4nZ c


(12)

Using Eqs. (8), (10), (11) and (12) the parameters
a, b, c and n of the modified Berthelot equation of
state can be determined. Moreover, using the
Riedel’s parameter, the value of the parameter m can
be determined.
The modified equation of state may be rewritten
in terms of the reduced variables as
P* =


1 
4n(b + c)T *
(b + c) n (n + 1) n +1
−

*
n 
*
m
*
(n − 1)  [(n + 1)b + 2c]V − b(n − 1) T [(n + 1)b + 2c]V + c(n − 1) 






1 
4n(b + c(3)
)T *
(b + c) n (n + 1) n +1
−

*
n 
*
m
*
(n − 1)  [(n + 1)b + 2c]V − b(n − 1) T [(n + 1)b + 2c]V + c(n − 1) 





(4)

Where
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P * = P / Pc ; V * = V / Vc ; T * = T / Tc





(13)
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Riedel’s parameter is defined as
 P * 

 R =  * 
 T  V , at critical point
*

(14)

From Eqs. (13) and (14), we get

R =

(m + 2)n + m
n −1

(15)

Eq. (15) may be rearranged to get the expression
for m as
m=

(n − 1) R − 2n
n +1

(16)

The reduced equation of state given by Eq. (13)
represents the four-parameter law of corresponding
states with the thermodynamic similarity parameters
b, c, m and n. That is, substances obeying the
modified Berthelot equation of state, with the same
values of the parameters b, c, m and n are
thermodynamically similar. That is, such substances
have similar intermolecular force characteristics.

isothermal elasticity is positive. In the region
between the binodal and the spinodal on the phase
diagram, the liquid is in the metastable state.
Considering the scientific and technological
significance, in recent years, several studies have
been made on the behavior of the superheated
metastable fluids.23-32
The spinodal is defined by the condition:
 P * 
−  *  = 0
 V  T *

(17)

Applying the condition given by Eq. (17) to Eq.
(13), we get the equation of spinodal in T*, V*
coordinates as



1



 (n + 1) n+1 (b + c) n−1 [(n + 1)b + 2c]V * − b(n − 1) 2  m+1
s
Ts* = 

n +1
*
4
[(
n
+
1
)
b
+
2
c
]
V
+
c
(
n
−
1)
s







(18)
Substituting Eq. (18) into Eq. (13), we get the
equations of spinodal in P*, V* coordinates as
1
m +1
m +1
m
m+ n
n +1
*


4
(
b
+
c
)
(
n
+
1
)
[(
n
+
1
)
b
+
2
c
]
V
−
(
nb
+
c
)
s
Ps* = 
2m
n +1 
 [(n + 1)b + 2c]Vs* + c(n − 1) [(n + 1)b + 2c]Vs* + c(n − 1)1 
Spinodal
 4 m (b + c) m+ n (n + 1) n+1 [(n + 1)b + 2c]V * − (nb + c) m+1
 m+1
s
Ps* = 
2m
n +1 
The knowledge of the spinodal, a characteristic  [(n + 1)b + 2c]Vs* + c(n − 1) [(n + 1)b + 2c]Vs* + c(n − 1) 
curve on the phase diagram, is essential in
(19)
describing the properties of a substance in the
With
a
decrease
in
pressure,
the
superheat
of
critical and in the metastable states. Fig 1
22
substances
increases.
Under
zero
pressure,
the
schematically depicts the vapor-liquid equilibrium
curve (binodal) and the stability boundary curve substance may be superheated to a maximum
temperature above its normal boiling temperature.
(spinodal) of substances.
This is known as the thermodynamic limit of
superheating.
Applying the condition P = 0 to Eq. (19), we get
the expression for the reduced volume V*s,0 of the
liquid at thermodynamic limit of superheat as









V s*,0 =

 

 





nb + c
[(n + 1)b + 2c]





(20)

Substituting Eq. (20) into Eq. (18), we get
1

Ts*, 0

Figure 1 | Schematic phase diagram of substances.23

The spinodal defines the thermodynamic stability
boundary of the phase envelope. The spinodal
encloses the region of unstable states for which the
isothermal elasticity is negative. For stable states, the

 ( n + 1) n+1  m+1
=

n +1
 4n


(21)

That is, thermodynamic limit of superheat
depends only on the parameter n but not on the
parameters a, b, c and m of the modified of
Berthelot equation of state.

Determination of Equation-of-state
Parameters
The parameters of the modified Berthelot
equation of state can be determined using any
characteristic point on the phase diagram. However,
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Table 1 | Parameters of generalized van der Waals and Berthelot equations of state.

EoS

a

b

10-5 m3mol-1

54.3097

10-5 m3mol-1
1.6433

c

m

n

----

----

1.6945

271548.44

1.6433

----

----

1.6945

21965.2395

1.6433

----

0.7048

1.6945

3840.2749

1.6433

----

----

1.6945

Jkg-1K-1m3mol-1
RT
a
− n
V −b V
RT
a
P=
−
V − b TV n
RT
a
P=
−
V − b T mV n
RT
a
P=
−
V −b
TV n
P=

P=

RT
a
−
V − b (V + b) n

15.6436

1.1060

----

----

1.8396

P=

RT
a
−
V − b (V + c) n

1110

3.3427

-2.8024

----

1.3563

the use of the critical-point parameters in
determining the equation of state parameters will
improve the accuracy of the equation of state in
describing the high-temperature properties of
substances. The parameter n for lead is determined
through the Eq. (8) using experimental data on the
critical compressibility factor.33-35 The obtained
values of n are presented in Table 1. The parameter
b for lead is determined through the Eq. (11). The
parameters a, c and m are determined through Eqs.
(10), (12) and (16), respectively, using experimental
data on the critical-point parameters along with
values of n. The obtained values of a, b, c and n are
presented in Table 1.

boundary of liquid lead in the phase diagram shown
in Fig. (2).

Determination of Spinodal
Considering the values of n (Table 1) for lead, the
spinodal is determined by Eqs. (18) and (19). The
obtained spinodal-parameters are presented in
Table 2.
These spinodal-parameters define the stability

Figure 2 | Spinodal of liquid lead.

Table 2 | Spinodal of liquid lead.

T s*
0.6895
0.8420
0.9281
0.9736
0.9944
1
135

Ps *
m=0
-2.2480
-0.3081
0.5010
0.8412
0.9703
1

m=1
-2.7072
-0.3358
0.5200
0.8525
0.9730
1

m=m
-2.6214
-0.3308
0.5167
0.8505
0.9726
1
www.sciencevision.org

m=½
- 2.5445
-0.3263
0.5136
0.8487
0.9721
1

c=b
-1.0157
0.1047
0.6337
0.8772
0.9761
1

c=c
-2.66E-01
-1.32E-01
-4.14E-02
2.10E-02
6.44E-02
9.46E-02
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Table 3 | Thermodynamic limit of superheat.
Property
V*s,0

Eq.(20)

m=0
0.6289

m=1
0.6289

m=m
0.6289

m=½
0.6289

c=b
0.5867

c=c
0.7620

T*s,0

Eq.(21)

0.8724

0.9340

0.9230

0.9130

0.8576

0.9190

----------

4.0095
4362
2341

4.0095
4670
2649

4.0095
4615
2594

4.0095
4565
2544

3.7404
4288
2267

4.8581
4595
2574

Vs,0 10-5 m3/mol
T*s,0 K
ΔT K

Spinodal of Liquid Lead

Conclusion

The volume at the thermodynamic limit of
superheat for lead is determined through Eq. (20)
using the values of the parameter n (Table 1). The
obtained values are presented in (Table 3). The
thermodynamic limit of superheat for lead is
determined through Eq. (21) using the values of the
parameter n (Table 1). The obtained values are
presented in (Table 3). Below the thermodynamic
limit of superheat, heterogeneous nucleation
prevails. And, above the thermodynamic limit of
superheat, homogeneous nucleation will prevail
resulting in the explosive boiling of fluids.

As seen from Table 1, the value of the parameter
n is greater than that of the parameter m. That is,
the attractive term in the generalized Berthelot
equation of state has a stronger dependence on
volume than on the temperature. The spinodal
(stability boundary on the phase diagram) and the
thermodynamic limit of superheat of the liquid lead
have been determined using an appropriately
modified van der Waals-Berthelot equation of state.
The spinodal of liquid lead is presented in Table 2,
and is plotted in Figure 2. As seen from Table 2, the
liquid lead, under zero pressure, can be superheated
to a temperature 0.9130 Tc. That is, liquid lead can
be superheated to 2544 K above the normal boiling
temperature. At the thermodynamic limit of
superheat, the volume of the liquid lead is 4.0095 ×
10-5 m3mol-1. This fact is to be taken into account
when liquid lead is subjected to rapid heating.

Results and Discussion
Several modified van der Waals-Berthelot
equations of state have been employed to calculate
the spinodal, and thermodynamic limit of superheat
of lead. The performance characteristics of these
equations of state in evaluating the spinodal, and
the thermodynamic limit of superheat of liquid lead
have been studied. It has been established that the
equation of state with an attractive term of
temperature dependence T–1/2more accurately
describes the superheating limit of liquid lead. That
is, the equation of state with m = 1/2 gives the
thermodynamic limit of superheat of liquid lead of
about 0.9Tc which agrees with the experimental
value for liquid lead.36 The parameters of the
modified van der Waals-Berthelot equations of state
are expressed in terms of the critical-point
parameters of liquid lead.
It has been established that the four characteristic
properties of the fluids, viz. the critical pressure, the
critical volume, the critical temperature and the
Riedel’s parameter characterize parameters of the
modified van der Waals-Berthelot equations of state.
It has been established that liquid lead can be
superheated, under rapid heating, up to a
temperature 4565 K. That is, liquid lead can be
superheated to 2544 K above the normal boiling
temperature. This fact is to be taken into account
when liquid lead is subjected to rapid heating.

Conflict of interest
The authors declared no conflict of interest.

References
1.

Sobolev, V. (2007). Thermophysical properties of
lead-bismuth eutectic. Journal of Nuclear Materials,
362 (2), 235–247. doi: 10.1016/jnucmat.2007.01.144

2.

Grosdidier, B., Osman, S.M., Abdellah, A.B. (2008).
Liquid gallium-lead mixture spinodal, binodal,
and excess thermodynamic properties. Physical
Review B, 78, 024205.
doi: 10.1103/
PhysRevB.78.024205

3.

Sobolev, V., Malambu, E., Abderrahim, H.A.
(2009). Design of a fuel element for a lead-cooled
fast reactor. Journal of Nuclear Materials, 385 (2), 392
–399. doi:10.1016/jnucmat.2008.12.027

4.

Belashchenko, D.K. (2012). Computer simulation
of the properties of liquid metals: gallium, lead,
and bismuth. Russian Journal of Physical Chemistry
A.
86,
779–790.
doi:
doi.org/10.1134/

www.sciencevision.org

136

Volume 20 | Issue 4 | October-December 2020

S0036024412050056

5348/2014.08.008

5.

Bokov, P.A, Lvov, A.V. (2013). The study of
cavitation characteristics of a heavy liquid metal
coolant.
International Conference on Nuclear
Engineering 21-15263, China: Chengu. Pp. 1–11.
doi:10.1115/ICONE21-15263

17. Balasubaramanian, R., Gunavathi, K., Jegan, R.,
Roobanguru, D.
(2014). A study on the
generalization of equations of state for liquids and
gases. Open Journal of Modern Physics, 1, 54–60.
doi:10.15764/MPHY.2014.02004

6.

Belashchenko, D.K. (2017). Molecular dynamics
calculation of properties of liquid lead and
bismuth under shock compression. High
Temperature,
55(3),
386–395.
doi:10.7868/
S004036441702003X

18. Satyro, M.A., Taylor, R. (2016). Generalized
calculation of pure component vapour pressures
with three-parameter cubic equations of state.
Journal of Natural Gas Engineering. 1 (1), 37–63.
doi:10.7569/JNGE.2015.692503

7.

Usanmaz, D., Nath, P., Plata, J.J., Hart G.L.W., et
al. (2016). First principles thermodynamical
modeling of the binodal and spinodal curves in
lead chalcogenides. Physical Chemistry Chemical
Physics, 18, 5005–5011. doi: 10.1039/ c5cp06891f

19. Vovchenko, V. (2017). Equations of state for real
gases on the nuclear scale. Physical Review C, 96 (1),
015206. doi:10.1103/PhysicalReviewC.96. 015206

8.

Gao, Y., Raos, G., et al. (2016).
Molecular
dynamics stimulation on physical properties of
liquid lead, bismuth and lead-bismuth eutectic.
Procedia Engineering, 157, 214–221. doi:10.1016/
j.proeng.2016.08.359

9.

Heinzel, A., Hering, W., et al. (2017). Liquid metals
as efficient high-temperature heat- transport
fluids. Energy Technology, 5, 1026–1036. doi:
10.1002/ente.201600721

10. Margenau, H. (1931). The role of quadrupole
forces in van der Waals attractions. Physical
Review,
38,
747.
https://doi.org/10.1103/
PhysRev.38.747
11. Hirschfelder, J.O., Buehler, R.J., et al. (1958).
Generalized equation of state for gases and
liquids. Industrial & Engineering Chemistry, 50 (3),
375–385. https://doi.org/10.1021/ie50579a039

20. Tamanga, P.A., Lissouck, D., Lontisi, F., Tchoffo,
M. (2004). The boundary curve of thermodynamic
stability of the liquid phase on the basis of a
generalised Berthelots equation. African Journal of
Scicence and Technology, 5 (2), 1–8. doi:10.4314/
ajst.v5i2.15337
21. Balasubramanian, R. (2013). A correlation of
maximum attainable superheat and acentric factor
of alkali metals. Thermochimica Acta, 566, 233–237.
doi:10.1016/j.tca.2013.05.043
22. Balasubramanian, R. (2006). Superheating of liquid
alkali metals. International Journal of Thermophysics,
27, 1494–1500. https://doi.org/10.1007/s10765-0060098-2
23. Skripov, V.P. (1975). Metastable liquids. Physics
Today, 28(6), 57–58.
http://dx.doi.org/10.1063/
1.3069013

12. Valderrama, J.O. (2003). The equation of the cubic
equations of state. Industrial & Engineering
Chemistry Research, 42 (8), 1603–1618. doi: 10.1021/
ie020447b

24. Pottlacher, G., Jager, H. (1990). Measurement of
thermophysical
properties
Lead
by
a
submicrosecond pulse-heating method in the
range 2000-5000K.
International Journal of
Thermophysics, 11(4), 719–729. doi: 10.1007/
BF01184340

13. Morita, K., Sobolev, V., et al. (2007). Critical
parameters and equation of state for heavy liquid
metals. Journal of Nuclear Materials, 362, 227–234.
https://doi.org/10.1016/j.jnucmat.2007.01.048

25. Grabaek, L., Bohr, J. (1990). Superheating and
supercooling of lead precipitates in aluminum.
Physical Review Letters, 64 (8), 934–937. https://
doi.org/10.1103/PhysRevLett.64.934

14. Sobko, A.A. (2008). Generalized van der Waals–
Berthelot equation of state. Doklady Physics, 53 (8),
416–419. doi: 10.1134/S1028335808080028

26. Herman,
J.W.,
Elsayed-Ali,
H.E.
(1992).
Superheating of Pb (lll). Physical Review Letters,
69,1228–1231.
https://doi.org/10.1103/
PhysRevLett.69.1228

15. Wisniak, J. (2010). Daniel Berthelot. Part I.
Contribution to thermodynamics. Educacion
Quimica, 21(2), 155–162. doi: 10.1016/S0187-893X
(18)30101-0
16. Sobko, A.A. (2014). Description of evaporation
curve by the generalized van–der–Waals–Berthelot
equation Part I. Journal of Physical Science and
Application, 4 (8), 524–530. doi: 10.17265/2159137

27. Talanquer, V. (2002). Nucleation in gas–liquid
transitions. Journal of Chemical Education, 79 (7), 877
–883. https://doi.org/10.1021/ed079p877
28. Balibar, S., Caupin, F. (2003). Metastable liquids.
Journal of Physics Condensed Matter, 15, S75–S82.
doi: 10.1088/0953-8984/15/1/308

www.sciencevision.org

Volume 20 | Issue 4 | October-December 2020

29. Mulero, A., Parra, M.I., et al. (2006). A new
analytical model for the prediction of vapor- liquid
equilibrium densites. International Journal of
Thermophysics, 27 (5), 1435–1448. doi:10.1007/
s10765-006-0093-3

33. Sobolev, V. (2010). Database of thermophysical
properties of liquid metals coolants for GEN – IV,
Belgium: Boeretang 200 2400 Mol. Scientific Report
of the Belgian Nuclear Research Centre SCK.CEN-BLG
-1069,1–175.

30. Baidakov, V.G., Protsenko, S.P. (2006). Metastable
extension of the sublimation curve and the critical
contact point. The Journal of Chemical Physics, 124,
231101. http://dx.doi.org/10.1063/1.2183770

34. Sobolev, V. (2012). Properties of liquid metal
coolants, Belgian Nuclear Research Centre Mol,
Begium. Scientific Report of the Belgian Nuclear
Research Centre SCK CEN, 373–392.

31. Lungu, R.P., Sartorio R., et al. (2015). Effect of the
plait point position on the shape of spinodal curve
determined by wheeler-wisdom model. Romanian
Journal of Physics, 60 (9), 1462–1473.

35. Sobolev, V. (2016). Materials science and materials
engineering: Properties of liquid metals coolants:
Na, Pb, Pb-Bi, Mol, Belgium. In Reference Module in
Materials Science and Materials Engineering, pp. 1–
19. doi:10.1016/B978-0-12-803581-8.00862-2

32. Balasubramanian,
R.,
Arul,
C.
(2017).
Thermophysical properties of metastable helium-3
and helium-4. International Journal of Science and
Research,
6(1),
2315–2319.
doi:10.21275/
ART20164684

36. Martynyuk, M.M. (1992). Superheating of solid
and liquid metals in the process of pulse heating.
Thermochemica
Acta,
206,
55–60.
https://
doi.org/10.1016/0040-6031(92)85283-2

www.sciencevision.org

138

