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ABSTRACT

De, Shaikh and Sengupta introduced the notion of LP-Sasakian manifolds with coefficient a which
genera]ized the notion of LP-Sasakian manifolds. Recent]y, Ikawa and his coauthors studied Sasakian
manifolds with Lorentzian metric and obtained several results in this manifold. The object of the

paper is to steady pseudo W, flat LP-Sasakian manifolds with coefficient Q.
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INTRODUCTION

Let M be the n -dimensional differential
manifold endowed with a (1,1) tensor field ¢,a
contravariant vector field & a covariant vector
field # and a Lorentzian metric g of type (0,2)
such that for each peM, the tensor g,:T,M X
T,M - R is a non-degenerate inner product of
signature (—, +,+, ..., +), where T, M denote the
tangent vector space of M at p and R is the real
number space, which satisfies

n® = -1, ¢2X = X + n(X)§, .. (1D
gX, & =nX), g(¢X,¢Y) = g(X,¥) +
n@n) ...(1.2)

for all vector field X, Y. Then such a structure
(¢,€,m,g) is called Lorentzian almost
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almost paracontact manifold.”In the Lorentzian
almost paracontact manifold M, the following
relations holds’

$¢ =0, n(@Xx)=0, .. (1.3)
QX,Y) =Q(Y,X), where QX,Y)=

giX, 7). ...(1.4)

In the Lorentzian almost paracontact

manifold M, if the relation

VX, Y) = a[{g(X,Z) + n(X)n(Z)In(Y) +
g, 2) + n(Y)m(Z)m(X)], (a# 0) - (1.5)
and QX,Y) == (Y)Y, ... (1.6)

holds, where V denote the operator of covariant
differentiation with respect to the Lorentzian
metric g, then M is called an LP-Sasakian
manifold with a coefficient a.' An LP-Sasakian
manifold with a coefficient 1 is an LP-Sasakian
manifold.’
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If a vector field V satisfies the equation of the
following form:

ViV = BX + T(X)V

where f a non-zero scalar function and 7T'is is a
covariant vector field, then 7 is called a torse-
forming vector field.®

In a Lorentzian manifold M, if we assume
that ¢ is a unit torse-forming vector field, then
we have the following:

(Vxm)Y = a{g(X,Y) + n(X)n(Y)}, (L7)

where a is non-zero scalar function. Hence the
manifold admitting a unit torse-forming vector
field satisfying (1.7) is an LP-Sasakian manifold
with a coefficient a. And, if # satisfy

(Vxn)Y = e{g(X,Y) + nCOn(Y)},e* =

then M is called an LSP-Sasakian manifold.” In
particular, if o satisfies (1.7) and the equation of
the following form:

.. (1.8)

aX) = pn(X), aX) = Vga, ...(1.9
where p is a scalar function, then ¢ is called a
concircular vector field.

If we put

$X = = (Vx8), .(1.10)

we can easily find that
¢*X = X +n(X)%.

Hence M is a manifold with a Lorentzian
almost paracontact structure(¢,¢&,n,g). Such a
manifold M is called a Lorentzian almost
paracontact manifold with a structure of the
concircular type.'

Let us consider an LP-Sasakian manifold M
(¢, &,m, g) with a coefficient a.

Then we have the following relation.’

N(R(X,Y)Z) = —a(X)(Y, Z) + a(Y)QX, Z) +

a* g (Y, ZnX) — g(X, Z)n(¥)3, -(1.11)

and S(X,&) = —ya(X) + (n— Da’*n(X) +
a(¢X), .(1.12)

where R, S denote respectively the curvature
tensor and the Ricci tensor of the manifold and
Y = trace().

Lemma 1.1. In an LP-Sasakian manifold
with a non coefficient o, one of the following
cases occur,:

0 P*=m-17% (i) a¥)=-pn(Y),
where p = a(§).

Lemma 1.2. In a Lorentzian almost
paracontact manifold M (¢,&,n,9) with its
structure (¢, ¢,1n,g9) satisfying  Q(X,Y) =
i(VXn)(Y), where a is a non zero scalar

function, the vector field ¢ is torse-forming if
and only if the relation ¥? = (n — 1)? holds
good.!

Pseudo W, curvature tensor on a
Riemannian manifold (M, g)(n > 1) of type (1,
3) is defined as follows ’

W, (X,Y)Z =aR(X,Y)Z + b[g(Y,Z)QX —

o201 ~E (g +

b) [9(Y, D)X - g(X,2)Y]

where a and b are constant such that a,b # 0,
R is the curvature tensor, S is the Ricci tensor, r
is the scalar curvature and Q is the (7,1) Ricci
tensor defined by

SX,Y) =g(QX,Y), forall X and Y.

2. Pseudo W, flat LP-Sasakian manifold
with a coefficient o

Let us consider a pseudo W,flat LP-Sasakian
manifold M with a coefficient a. First suppose
that a is non constant. Then since the pseudo
W, curvature tensor vanished, the curvature
tensor 'R satisfies
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'ROX,Y,Z,W) = —2[S(X,W)g(Y,2) -
S(Y, W)g(X DI+
T 1

(oo + 1) 90, g (X, W) — g(X, 2)g (Y, W)]
which gives on using the identity
'R(X,Y,Z,W) = —'R(X,Y,W,Z)

—'RX,Y,W,Z) = —2[S(X,W)g(¥,Z) -
S, W)g(X,2)] +
oo+ o) 90 g, w) -
9&X, 2)g(Y, W)]

. (2.1)

Putting Z = & in (2.1) and then using (1.11)
and (1.12), we get

—a(X)QY, W) + a(V)QX, W) +
a*{g(y, W)n()i) —gX, Wn(¥)}
= —[S&XW)n(Y) =S¥, W)in(X)] -
r 1
((n 1)

) [9(Y, Zn(X) — g(X, Z)n(Y)]
. (2.2)
Again on putting X = §in (2.2) and using (1.3)
and (1.12), we obtain

S W) =[-2a?+r (%’Z)z))] Y, W) +

[ (52) () cmon
+Hpa(W) — a(@W)n(¥) =7 p QY W).
..(2.3)

where p = a(§).

We now suppose that M is n —Einstein. If an
LP-Sasakian manifold M with the coefficient
«a satisfies the relation

SX,Y) =ag(X,Y) + bn(X)n(Y),

where a and b are the associated functions on
the manifold. Then the manifold M is called an
n —Einstein. Then we have '

](YW)+

A—— _] (Y)r](W) (2.4)

Putting X =Y = ¢, in (2.4), where {e;} is an
orthonormal basis of the tangent space at a point
of the manifold and taking summation over
1<i<n,weget

r=nn-1)a®+npy . ...(2.5)
By virtue of (2.4) and (2.3), we get
a—b 2 b—a

[(T) at+r (n(n—l)b) (n 1) (Y W) t

a-b b—a n
[( b )0{ tr (n(n—l)b) B (ndipl)]n(y)n(w)
~{a(W) —a(@W)n(¥) +5 p Y, W) =0
...(2.6)
Putting Y = ¢ in (2.6) we get

Ya(W) —a(pW) = —y pn(W)

For all W. Replacing W by Y in above
equation, we get

Ya(y) —a(@Y) = -y pn(Y) --2.7)

Using (2.7) in (2.6) and then by virtue of
(2.5), we get

— g, W)+ MW} + oy, w)

.(2.8)

oSl Q

If p = 0, then from (2.7) we have a(¢Y) =
Ya(Y) . Thus since ¥ is an eigenvalue of the
matrix(¢), ¥ is equal to+1. Hence, by virtue of
Lemmal.l, we get a(Y) = 0for all Y and so «
is constant, which contradicts to our
assumption.

Consequently, we have p # 0 and hence
from (2.8) we get

a

: [_ nwj{g(Y, W) +n(n(W)} + (v, W)]
2 .(2.9)

Putting Y = ¢Y in (2.9) and then using (1.3),
we obtain
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a Y
S| amw) +

G, W) + (w3 =o.
...(2.10)
Combining (2.9) and (2.10), we get

[? = (n — 1)*Hg (¥, W) + n(¥I)n(W)} = 0,

which gives by virtue of n > 1,

W2 = (n—1)2 (21D

Hence Lemma 1.2 proves that ¢ is torse-
forming.

We have (Vxn)(Y) = p{g(X,Y) + n(XOn(¥)}
Then from (1.6) we get

X, v) =2 {g(x,v) + n Xm0}
= gL o rne.v)

and QX,Y) = g(¢X,Y).

Since is g non-singular, we have
pX) = (5) (X + 909

2

and ¢2(x) = (£)" (x +1009.

It follows from (1.1) that (g)z =1 and hence
a = 1f. Thus we have
¢X) = £(X +n(X)%).

By virtue of (2.7) we have, a(Y) = —pn(Y),
where p = (§). Thus, we conclude that ¢ is a
concircular vector field. Than we have the
equation of the following form:

(Vym () = B{g(X,Y) + n(X)n(¥)},

where 8 is a certain function and Vyf = on(X)
for a certain scalar function o.

Hence by virtue of (1.6) we have a = +p.
Thus

QX Y) = elgX,Y) +nOn(V)}, e* =1,
Y=en—1), Vya = a(X) = pn(X), p = €o.

Using these relations in (2.3) and (2.7), it can
be easily seen that M is n —Einstein.

Thus we can state the following:

Theorem 2.1 In a pseudo W, flat LP-Sasakian
manifold M (n>1) with a non-constant
coefficient a, the characteristic vector field ¢ is a
concircular vector field if and only if M is
n —Einstein.

Next we consider the case when the
coefficient a is constant. In this case the
following relations hold good:

n(R(X,Y)Z) = a*{g(Y,Z)n(X) —g(X.Z)n((lzf)l},z)
S(X,8) = (n — Da?n(X). e

...(2.13)
Putting Z = & in (2.1) and then using (2.12),
we get

—lfrz{g(Y. Winx) — gX, W)} =
= 2[SCE W) — SO, W) (0]

+2 (= +2) gX W) — g (¥, Wnx)}
...(2.14)
Again putting X =¢ in (2.14) we get by
virtue of (2.13) that

S(Y, W) = [— (%) a?+ (“nJ’(fl(_”l_)z)) r] g(Y, W) +

[- (222 @2 + (S252) r| n o)
..(2.15)

Hence we can stat the following:

Theorem 2.3. A pseudo W, flat LP-Sasakian
manifold M (n>1) with a constant
coefficient @ is an n —Einstein manifold.

Differentiating (2.15) covariantly along X
and making use of (1.6), we get

(VxS)(¥, W) = dr(x) (22220) 4

n(n—-1)b
_ a+b(n—-1) az n
+b(n—1)
(an(n—nl)b )T] {Q(X’ Y)U(W) + Q‘(X' W))](Y)},

Replacing W by Z in the above equation, we
get
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VxSV, 2) = dr(X) (S =2) [9(v, 2) +

n(n(2)]
tal- a+b(n—-1) a2+

(L2 ] {acx, VIn(2) + 90X, Dn (1)},

This implies that

(VxS)(Y,2) - (S)(X,Z) =
dr(0) (S2E=2) (Y, 2) + 1 (Nn(@)] -

dT(Y) (a+b(n—1)) ta [_ (a+b(n—1)) 052 +

n(n—1)b b
(E2D) 1]k, 2n(r) - Y, 20}

...(2.16)

On the other hand, in our case, since we have

(VwO)(X,Y)Z =0, we get divC =0, where

“div” denotes the divergence. So for n > 1,
div C = 0 gives

a+b(n—1) _
nn-1)

L(2.17)

(VxS)(Y,2) — (VyS)(X,Z) = %{
%} [g(Y,2)dr(X) — g(X, Z)dr(V)].

It follows from (2.16) and (2.17) that

l{‘”b(n_l) _ 2} lg(Y,Z2)dr(X) — g(X,Z)dr(Y)]

al n(n-1) 2

= a0 (5D 90D + (@)
—dr(n) (52552) [9(X, 2) + n(On(2)]
+a |- w) a’+
(52552 r] tcx 2m () — tr, 2m o).

...(2.18)
If r is constant, then from (2.18) we obtain
r=n(n-1)a?. ..(2.19)

Now substituting (2.15) and (2.19) in (2.1) we
get

'R(X,Y,Z,W) = a?[g(Y,2)g(X,W) —
9X,2)g(Y,w)],

Which show that the manifold is of constant
curvature.

Thus we can state the following:

Theorem 2.4. In a pseudo W, flat LP-
Sasakian manifold M (n > 1) with a constant
coefficient « , if the scalar curvature r is
constant, then M is of constant curvature.
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