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On a semi-symmetric metric connexion on a Riemannian manifold   

ABSTRACT  

 
Yano studied semi-symmetric connexion on a Riemannian manifold (Mn,g) and Thompson 
introduced 2-recurrent Riemannian manifold. The author here studied the nature of the 2-
recurrent Riemannian manifold that admits a semi-symmetric connexion and it is found that 

such a manifold (Mn,g) is M-Projectively 2-recurrent.  
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INTRODUCTION 

 
This paper deals with a type of semi-

symmetric metric connexion ∇ on a Riemannian 

manifold  𝑀𝑛 , 𝑔 (𝑛 > 3) such that 

 

 𝐷𝑉𝐷𝑈𝑅  𝑋, 𝑌 𝑍 = 𝐵 𝑈, 𝑉 𝑅 𝑋, 𝑌 𝑍         (1)                     

 

Where R is the curvature tensor of ∇ ,B is a 

(0, 2) tensor and D denotes the Riemannian 

connexion. It is shown that if (1) is satisfied, 

i.e., if the curvature tensor 𝑅  of ∇ is 2-recurrent 

with respect to to the Riemannian connexion, 

then the manifold  𝑀𝑛 , 𝑔 (𝑛 > 3) is conformally 

2-recurrent.
1
 

PRELIMINARIES 

 

Let  𝑀𝑛 , 𝑔 (𝑛 > 3) be an n-dimensional 

Riemannian manifold with Riemannian 

connexion D. A linear connexion ∇ on 
 𝑀𝑛 , 𝑔 (𝑛 > 3) is said to be semi-symmetric if 

its torsion tensor S satisfies the following 

 

𝑆 𝑋, 𝑌 = 𝜂 𝑌 𝑋 − 𝜂 𝑋 𝑌      (1.1)   

                                                                                           

Where 𝜂  is a 1-form.  

We know that if ∇ is a semi-symmetric metric 

connexion then 

 

∇𝑋𝑌 = 𝐷𝑋𝑌 + 𝜂 𝑌 𝑋 − 𝑔 𝑋, 𝑌 𝜉       (1.2)                                                                                  

 

Where 𝑔 𝑋, 𝜉 = 𝜂(𝑋).   (1.3)   
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 For every vector field X. Further, it is also 

known as if K denotes the curvature tensor of D, 

then 

 

𝑅 𝑋, 𝑌 𝑍 = 𝐾 𝑋, 𝑌 𝑍 − 𝛼 𝑌, 𝑍 𝑋 +
       𝛼 𝑋, 𝑍 𝑌 − 𝑔 𝑌, 𝑍 𝜌𝑋 + 𝑔(𝑋, 𝑍)𝜌𝑌       (1.4)              

 

Where 𝛼 is a tensor field of type (0, 2) 

defined by 

 

 𝛼 𝑋, 𝑌 =  𝐷𝑋𝜂  𝑌 − 𝜂 𝑋 𝜂 𝑌 +

 
1

2
𝜂 𝜉 𝑔(𝑋, 𝑌)         (1.5)                                                    

 

and 𝜌  is a tensor field of type (1, 1) defined 

by 

 𝑔 𝜌𝑋, 𝑌 = 𝛼 𝑋, 𝑌 .  (1.6)        

 

For any vector field X, Y.  

 
A SPECIAL TYPE OF SEMI-SYMMETRIC 

CONNEXION 

 

In this section we consider a semi-symmetric 

connexion ∇ on  𝑀𝑛 , 𝑔  whose curvature tensor 

satisfies the condition
2 

 

 𝐷𝑉𝐷𝑈𝑅  𝑋, 𝑌 𝑍 = 𝐵 𝑈, 𝑉 𝑅 𝑋, 𝑌 𝑍       (2.1)                                                                          

 

Where B is a (0, 2) type tensor.  

From (1.4) we have 

 

 𝐷𝑉𝐷𝑈𝑅  𝑋, 𝑌 =  𝐷𝑉𝐷𝑈𝐾  𝑋, 𝑌 𝑍
−   𝐷𝑉𝐷𝑈𝛼  𝑌, 𝑍  𝑋 

+   𝐷𝑉𝐷𝑈𝛼  𝑋, 𝑍  𝑌
− 𝑔 𝑌, 𝑍  𝐷𝑉𝐷𝑈  𝜌  𝑋  

+𝑔 𝑋, 𝑍  𝐷𝑉𝐷𝑈  𝜌  𝑌 .                                                                           
(2.2) 

 

Using (2.1) in (2.2), we have 

[ 𝐷𝑉𝐷𝑈𝐾  𝑋, 𝑌 𝑍 − 𝐵 𝑈, 𝑉 𝐾 𝑋, 𝑌 𝑍] −
  𝐷𝑉𝐷𝑈𝛼  𝑌, 𝑍 − 𝐵 𝑈, 𝑉 𝛼 𝑌, 𝑍  𝑋+  
  𝐷𝑉𝐷𝑈𝛼  𝑋, 𝑍 − 𝐵 𝑈, 𝑉 𝛼 𝑋, 𝑍  𝑌 −
𝑔 𝑌, 𝑍   𝐷𝑉𝐷𝑈𝜌  𝑋 − 𝐵 𝑈, 𝑉 𝜌𝑋 + 

𝑔 𝑋, 𝑍   𝐷𝑉𝐷𝑈𝜌  𝑌 − 𝐵 𝑈, 𝑉 𝜌𝑌 = 0.                                                                    
(2.3)    

 

The M-Projective   curvature tensor is given 

by
2 

The M-Projective   curvature tensor is given 

by
2 

𝑊∗ 𝑋, 𝑌 𝑍 = 𝐾 𝑋, 𝑌 𝑍 −
1

2(𝑛−1)
 𝑆 𝑌, 𝑍 𝑋 −

𝑆 𝑋, 𝑍 𝑌 + 𝑔 𝑌, 𝑍 𝑅𝑋 −
𝑔 𝑋, 𝑍 𝑅𝑌 .             (2.4) 

 

It can be written as 

 

𝑊∗ 𝑋, 𝑌 𝑍 = 𝐾 𝑋, 𝑌 𝑍 + 𝜆 𝑌, 𝑍 𝑋 −
𝜆 𝑋, 𝑍 𝑌 + 𝑔 𝑌, 𝑍 𝑀𝑋 −
𝑔 𝑋, 𝑍 𝑀𝑌                           (2.5) 

 

Where  𝜆 𝑌, 𝑍 = −
1

2(𝑛−1)
𝑆(𝑌, 𝑍)      (2.6)          

                         

and M is a (1,1) tensor field such that 

 

𝑔 𝑀𝑌, 𝑍 = 𝜆(𝑌, 𝑍)        (2.7)                                          

 

Where S is Ricci tensor of   𝑀𝑛 , 𝑔  . 
 

DEFINITION 

 

A manifold   𝑀𝑛 , 𝑔  (n>3), whose   curvature 

tensor 𝑅  of ∇  is 2-recurrent with respect to the 

Riemannian connection D and satisfies 

 

 𝐷𝑉𝐷𝑈𝑊∗  𝑋, 𝑌 𝑍 = 𝐵 𝑈, 𝑉 𝑊∗(𝑋, 𝑌, 𝑍) 

 

is called M-Projectively 2-recurrent.  

From (2.5), we have 

 𝐷𝑉𝐷𝑈𝑊  𝑋, 𝑌 =  𝐷𝑉𝐷𝑈𝐾  𝑋, 𝑌 𝑍
+   𝐷𝑉𝐷𝑈𝜆  𝑌, 𝑍  𝑋 

 −  𝐷𝑉𝐷𝑈𝜆  𝑋, 𝑍  𝑌 +
𝑔 𝑌, 𝑍  𝐷𝑉𝐷𝑈  𝑀  𝑋  

   −𝑔 𝑋, 𝑍  𝐷𝑉𝐷𝑈  𝑀  𝑌 .                                                                        
(2.8) 

 

Since Dg=0, we have 
 𝐷𝑉𝐷𝑈𝑔  𝑀𝑌, 𝑍 = 0, from which we get in 

virtue of (2.7) 

 

 𝐷𝑉𝐷𝑈𝜆  𝑌, 𝑍 = 𝑔[ 𝐷𝑉𝐷𝑈𝑀  𝑌 , 𝑍]      (2.9)                                                                                         

 

and by using (1.6), we get 

 

 𝐷𝑉𝐷𝑈𝛼  𝑌, 𝑍 = 𝑔  𝐷𝑉𝐷𝑈𝜌  𝑌 , 𝑍 .    (2.10)                                                                                    

 

Now from (2.1), we get 

 

 𝐷𝑉𝐷𝑈𝑆 ′  𝑌, 𝑍 = 𝐵 𝑈, 𝑉 𝑆 ′(𝑌, 𝑍)     (2.11)                                    

and   𝐷𝑉𝐷𝑈𝑟′ = 𝐵 𝑈, 𝑉 𝑟′     (2.12) 

Singh 



64  Science Vision © 2010 MIPOGRASS. All rights reserved.  

Now from (2.1), we get 

 

 𝐷𝑉𝐷𝑈𝑆 ′  𝑌, 𝑍 = 𝐵 𝑈, 𝑉 𝑆 ′(𝑌, 𝑍)     (2.11)                                    

and   𝐷𝑉𝐷𝑈𝑟′ = 𝐵 𝑈, 𝑉 𝑟 ′     (2.12)                                      

Where 𝑆 ′ and 𝑟′ are the Ricci tensor and the 

scalar curvature of ∇ respectively. Again from 

(1.4), it follows that 

 

𝑆 ′ 𝑌, 𝑍 = 𝑆 𝑌, 𝑍 −  𝑛 − 2 𝛼 𝑌, 𝑍 −
𝜎𝑔(𝑌, 𝑍)             (2.13)                                                               

and 

 𝑟′ = 𝑟 − 2 𝑛 − 1 𝜎       (2.14)                                                                                                                     

 

Where 𝜎 is the trace of 𝜌. 
From (2.13), we have 

(𝐷𝑉𝐷𝑈𝑆 ′) 𝑌, 𝑍 =  𝐷𝑉𝐷𝑈𝑆  𝑌, 𝑍 −
 𝑛 − 2  𝐷𝑉𝐷𝑈𝛼  𝑌, 𝑍 −
 𝐷𝑉𝐷𝑈𝜎 𝑔 𝑌, 𝑍 .        (2.15) 

 

Again from (2.14), we have 

 

𝐷𝑉𝐷𝑈𝑟 ′ = 𝐷𝑉𝐷𝑈𝑟 − 2 𝑛 − 1 𝐷𝑉𝐷𝑈𝜎.                               
 

By using (2.12) and (2.14) in above, we 

obtain 

 

𝐷𝑉𝐷𝑈𝜎 − 𝐵 𝑈, 𝑉 𝜎 =
1

2(𝑛−1)
[𝐷𝑉𝐷𝑈𝑟 −

𝐵 𝑈, 𝑉 𝑟]  (2.16)                                                             

 

In view of (2.11), the equation (2.15) can be 

express as 

 

𝐵(𝑈, 𝑉)𝑆 ′ 𝑌, 𝑍 =  𝐷𝑉𝐷𝑈𝑆  𝑌, 𝑍 −
 𝑛 − 2  𝐷𝑉𝐷𝑈𝛼  𝑌, 𝑍 −  𝐷𝑉𝐷𝑈𝜎 𝑔 𝑌, 𝑍 .              

(2.17) 

 

This in virtue of (2.13) and (2.16) gives 

 𝑛 − 2  (𝐷𝑉𝐷𝑈𝛼  𝑌, 𝑍 − 𝐵 𝑈, 𝑉 𝛼(𝑌, 𝑍)] =
[ 𝐷𝑉𝐷𝑈𝑄  𝑌, 𝑍 − 𝐵 𝑈, 𝑉 𝑄(𝑌, 𝑍)]  

−
1

2(𝑛 − 1)
𝑔 𝑌, 𝑍  𝐷𝑉𝐷𝑈𝑟 − 𝐵 𝑈, 𝑉 𝑟 . 

 

Now using (2.5) in above, we obtain 

 

 𝐷𝑉𝐷𝑈𝛼  𝑌, 𝑍 − 𝐵 𝑈, 𝑉 𝛼 𝑌, 𝑍 =
𝐵 𝑈, 𝑉 𝜆 𝑌, 𝑍 −  𝐷𝑉𝐷𝑈𝜆  𝑌, 𝑍 .                     

In virtue of 

 

 𝑔[𝑔(𝑌, 𝑍)(𝐷_𝑉 𝐷_𝑈 𝜌)(𝑋), 𝑊] =
𝑔[−𝑔(𝑌, 𝑍)(𝐷_𝑉 𝐷_𝑈 𝑀)(𝑋) +
𝑔(𝑌, 𝑍)𝐵(𝑈, 𝑉)𝑀𝑋            

+𝑔 𝑌, 𝑍 𝐵 𝑈, 𝑉 𝜌𝑋, 𝑊] . 
 

From this, it follows that 

             

𝑔 𝑌, 𝑍  𝐷𝑉𝐷𝑈𝜌  𝑋 − 𝑔 𝑌, 𝑍 𝐵 𝑈, 𝑉 𝜌𝑋 =
𝑔 𝑌, 𝑍 𝐵 𝑈, 𝑉 𝑀𝑋                                                                                  

−𝑔 𝑌, 𝑍  𝐷𝑉𝐷𝑈𝑀  𝑋 .       (2.18)                        

 

Using (2.17) and (2.18), the equation (2.3) 

can be expressed as 

              

 𝐷𝑉𝐷𝑈𝐾  𝑋, 𝑌 𝑍 +   𝐷𝑉𝐷𝑈𝜆  𝑌, 𝑍  𝑋 −
  𝐷𝑉𝐷𝑈𝜆  𝑋, 𝑍  𝑌           

+𝑔 𝑌, 𝑍  𝐷𝑉𝐷𝑈𝑀  𝑋 − 𝑔 𝑌, 𝑍  𝐷𝑉𝐷𝑈𝑀  𝑌  

                                              

= 𝐵 𝑈, 𝑉 [𝐾 𝑋, 𝑌 𝑍 + 𝜆 𝑌, 𝑍 𝑋 − 𝜆 𝑋, 𝑍 𝑌  

    𝑔 𝑌, 𝑍 𝑀𝑋 − 𝑔 𝑋, 𝑍 𝑀𝑌]. 
 

This gives in virtue of (2.7) and (2.4) 

  

 𝐷𝑉𝐷𝑈𝑊∗  𝑋, 𝑌 𝑍 = 𝐵 𝑈, 𝑉 𝑊∗ 𝑋, 𝑌 𝑍                                                                           
(2.19) 

 

From (2.19) we can state the following 

theorem. 

 
THEOREM 

 

If a Riemannian manifold  𝑀𝑛 , 𝑔 (𝑛 > 3) 

admits a semi-symmetric metric connexion 

whose curvature tensor is a 2-recurrent tensor 

with respect to the Riemannian connexion 
having B as its associated tensor, and then the 

manifold  𝑀𝑛 , 𝑔 (𝑛 > 3) is M-Projectively 2-

recurrent with B as its tensor of recurrence. 

If, in particular B is zero, then the curvature 

tensor of ∇ becomes a semi-symmetric with 

respect to Riemannian connexion and 

consequently  𝑀𝑛 , 𝑔 (𝑛 > 3) becomes M-

Projectively 2-symmetric. Hence we have the 

following corollary. 

On a semi-symmetric metric connexion on a Riemannian manifold   
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COROLLARY 

 

If a Riemannian manifold  𝑀𝑛 , 𝑔 (𝑛 > 3) 

admits a semi-symmetric metric connexion 

whose curvature tensor is 2-symmetric with 

respect to the Riemannian connexion, then 

 𝑀𝑛 , 𝑔 (𝑛 > 3) is M-Projectively 2-symmetric. 
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