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INTRODUCTION 
 

Let M be a n-dimensional contact manifold 

with contact form  𝜂 , i.e. 𝜂 ∧  (𝑑𝜂)𝑛  ≠ 0.  It is 
well known that a contact manifold admits a 

vector field  𝜉 , called the characteristic vector 

field, such that 𝜂 𝜉 = 1  and 𝑑𝜂 𝜉, 𝑋 = 0  for 

every 𝑋 ∈ 𝜒 𝑀 .  Moreover, M admits a 

Riemannian metric g and a tensor field 𝜑 of type 
(1, 1) such that 

𝜑2 = 𝐼 − 𝜂⨂𝜉 ,     𝑔 𝑋, 𝜉 = 𝜂 𝑋 ,     𝑔 𝜑𝑋, 𝑌 =
𝑑𝜂 𝑋, 𝑌                           (1.a)                                

We then say that ( 𝜑, 𝜉, 𝜂, 𝑔)  is a contact 
metric structure. A contact metric manifold is 
said to be a Sasakian if  
 𝛻𝑋𝜑 𝑌 = 𝑔 𝑋, 𝑌 𝜉 − 𝜂 𝑌 𝑋                        (1.b) 

In which case  

 𝛻𝑋𝜉 = −𝜑𝑋 ,     𝑅 𝑋, 𝑌 𝜉 = 𝜂 𝑌 𝑋 − 𝜂 𝑋 𝑌  
       (1.c) 

where 𝛻  denotes the operator of covariant 
ifferentiation with respect to the metric tensor g. 

An n-dimensional differential manifold M is 
said to admit an almost paracontact 

Riemannian structure (𝜑, 𝜉, 𝜂, 𝑔) on M if  

𝜑𝜉 = 0 ,   𝜂𝜑 = 0 ,    𝜂 𝜉 = 1 ,   𝑔 𝑋, 𝜉 =  𝜂 𝑋 , 
   (1.d) 

𝜑2𝑋 = 𝑋 −  𝜂 𝑋 𝜉,    𝑔 𝜑𝑋, 𝜑𝑌 = 𝑔 𝑋, 𝑌 −
𝜂 𝑋 𝜂 𝑌  , (1.e) 

for all vector fields X and Y on M. If (𝜑, 𝜉, 𝜂, 𝑔) 
satisfy the equation  

𝛻𝑋𝜉 = 𝜑𝑋  , (1.f) 
 𝛻𝑋𝜑 𝑌 = −𝑔 𝑋, 𝑌 𝜉 − 𝜂 𝑌 𝑋 + 2𝜂 𝑋 𝜂 𝑌 𝜉  , 

   (1.g) 
then M is called a Para-Sasakian manifold. 

It is well known that in a Para-Sasakian 
manifold the following relations hold 2: 

𝑔 𝜑𝑋, 𝜑𝑌 = 𝑔 𝑋, 𝑌 − 𝜂 𝑋 𝜂(𝑌) (1.1) 

𝑆 𝑋, 𝜉 =  − 𝑛 − 1 𝜂(𝑋) (1.2) 
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𝑅 𝑋, 𝑌𝑍 = 𝑔 𝑋, 𝑍 𝑌 − 𝑔 𝑌, 𝑍 𝑋      (1.3) 

𝑅 𝑋, 𝑌, 𝜉 = 𝜂(𝑋)𝑌 − 𝜂(𝑌)𝑋 (1.4) 

𝑆 𝜑𝑋, 𝜑𝑌 = 𝑆 𝑋, 𝑌 +  𝑛 − 1 𝜂 𝑋 𝜂(𝑌) (1.5) 

where S is Ricci tensor and R is the curvature 
tensor of the manifold M. 
 

THEOREM  
 

(1): In a Para-Sasakian manifold with 
constant curvature -1, we have 

𝑃′ 𝜑𝑋, 𝜑𝑌, 𝜑𝑍, 𝜑𝑊 
= 𝑃′ 𝑋, 𝑌, 𝑍, 𝑊 
− 𝜂 𝑊 𝑃′(𝑋, 𝑌, 𝑍, 𝜉) 

where P is the projective curvature and given as 

𝑃 𝑋, 𝑌, 𝑍 = 𝑅 𝑋, 𝑌, 𝑍 −
1

𝑛−1
 𝑆 𝑌, 𝑍 𝑋 −

𝑆 𝑋, 𝑍 𝑌  .                                                       (1.6) 

 

PROOF 

 
We know that 

𝑃′ 𝑋, 𝑌, 𝑍, 𝑊 = 𝑔(𝑃 𝑋, 𝑌, 𝑍 𝑊)  

and therefore from (1.6), we have  

𝑃′ 𝑋, 𝑌, 𝑍, 𝑊 =

𝑅′ 𝑋, 𝑌, 𝑍, 𝑊 −
1

𝑛−1
 𝑆 𝑌, 𝑍 𝑔(𝑋, 𝑊) −

𝑆 𝑋, 𝑍 𝑔(𝑌, 𝑊)                   (1.7) 

Operating  𝜑  on X, Y, Z and W on both 

sides of (1.7), we have   

𝑃′ 𝜑𝑋, 𝜑𝑌, 𝜑𝑍, 𝜑𝑊 = 𝑅′ 𝜑𝑋, 𝜑𝑌, 𝜑𝑍, 𝜑𝑊 −
1

𝑛−1
 𝑆 𝜑𝑌, 𝜑𝑍 𝑔(𝜑𝑋, 𝜑𝑊) −

𝑆 𝜑𝑋, 𝜑𝑍 𝑔(𝜑𝑌, 𝜑𝑊)     
Using equations (1.1), (1.3) and (1.5) in 

above equation, we have 

𝑃′ 𝜑𝑋, 𝜑𝑌, 𝜑𝑍, 𝜑𝑊 =
[ 𝑔 𝑋, 𝑍 − 𝜂 𝑋 𝜂 𝑍   𝑔 𝑌, 𝑊 − 𝜂 𝑌 𝜂 𝑊  
 − 𝑔 𝑋, 𝑍 − 𝜂 𝑋 𝜂 𝑍  {𝑔 𝑋, 𝑍 −

𝜂 𝑋 𝜂 𝑍 }] −
1

𝑛−1
[{𝑆 𝑌, 𝑍 +

 𝑛 − 1 𝜂 𝑌 𝜂 𝑍 } 𝑔 𝑋, 𝑊 − 𝜂 𝑋 𝜂(𝑊)  
−{𝑆 𝑋, 𝑍 +  𝑛 − 1 𝜂 𝑋 𝜂 𝑍 }{𝑔 𝑌, 𝑊 

− 𝜂 𝑌 𝜂 𝑊 }] 
=  𝑔 𝑋, 𝑍 𝑔 𝑌, 𝑊 − 𝑔 𝑋, 𝑊 𝑔 𝑌, 𝑍  −

1

𝑛−1
{𝑆 𝑌, 𝑍 𝑔 𝑋, 𝑊 − 𝑆 𝑋, 𝑍 𝑔(𝑌, 𝑊)} −

𝜂(𝑊)[𝑔 𝑋, 𝑍 𝜂 𝑌 − 𝑔(𝑌, 𝑍)𝜂(𝑋) 

−
1

𝑛 − 1
{𝑆 𝑌, 𝑍 𝜂 𝑋 − 𝑆 𝑋, 𝑍 𝜂 𝑌 }] 

𝑅′ 𝑋, 𝑌, 𝑍, 𝑊 − 
1

𝑛−1
{𝑆 𝑌, 𝑍 𝑔 𝑋, 𝑊  

−𝑆 𝑋, 𝑍 𝑔(𝑌, 𝑊)} − 𝜂(𝑊)[𝑔 𝑋, 𝑍 𝜂 𝑌 
− 𝑔(𝑌, 𝑍)𝜂(𝑋) 

−
1

𝑛 − 1
{𝑆 𝑌, 𝑍 𝜂 𝑋 − 𝑆 𝑋, 𝑍 𝜂 𝑌 }] . 

Therefore, we have 

𝑃′ 𝜑𝑋, 𝜑𝑌, 𝜑𝑍, 𝜑𝑊 
= 𝑃′ 𝑋, 𝑌, 𝑍, 𝑊 
− 𝜂 𝑊 𝑃′ 𝑋, 𝑌, 𝑍, 𝜉 . 

This completes the proof. 
 

THEOREM  
 

(2): In a Para-Sasakian manifold with 
constant curvature -1, we have 

𝐶 ′ 𝜑𝑋, 𝜑𝑌, 𝜑𝑍, 𝜑𝑊 
= 𝐶 ′ 𝑋, 𝑌, 𝑍, 𝑊 
− 𝜂 𝑊 𝐶 ′ 𝑋, 𝑌, 𝑍, 𝜉 
+ 𝜂(𝑍)𝐶 ′ 𝑋, 𝑌, 𝑊, 𝜉  

where C is the Conformal curvature tensor and 
given as 

𝐶 𝑋, 𝑌, 𝑍 = 𝑅 𝑋, 𝑌, 𝑍 

−
1

𝑛 − 2
 𝑆 𝑌, 𝑍 𝑋 − 𝑆 𝑋, 𝑍 𝑌

+ 𝑔 𝑌, 𝑍 𝑄𝑋 − 𝑔 𝑋, 𝑍 𝑄𝑌   

+
𝑟

 𝑛−1 (𝑛−2)
 𝑔 𝑌, 𝑍 𝑋 − 𝑔 𝑋, 𝑍 𝑌 .              (1.8) 

 

PROOF 
 

From (1.8), we have 

 𝐶 ′ 𝑋, 𝑌, 𝑍, 𝑊 = 𝑅′ 𝑋, 𝑌, 𝑍, 𝑊 

−
1

𝑛 − 2
{𝑆 𝑌, 𝑍 𝑔 𝑋, 𝑊 

− 𝑆 𝑋, 𝑍 𝑔(𝑌, 𝑊) 

+ 𝑔 𝑌, 𝑍 𝑆 𝑋, 𝑊 − 𝑔 𝑋, 𝑍 𝑆(𝑌, 𝑊)} 

+
𝑟

 𝑛−1 (𝑛−2)
 𝑔 𝑌, 𝑍 𝑔(𝑋, 𝑊) − 𝑔 𝑋, 𝑍 𝑔(𝑌, 𝑊)                        

(1.9)    

Operating  𝜑  on X, Y, Z and W on both 

sides of (1.9), we have 

𝐶 ′ 𝜑𝑋, 𝜑𝑌, 𝜑𝑍, 𝜑𝑊 = 𝑅′ 𝜑𝑋, 𝜑𝑌, 𝜑𝑍, 𝜑𝑊 −
1

𝑛−2
{𝑆 𝜑𝑌, 𝜑𝑍 𝑔 𝜑𝑋, 𝜑𝑊 −

𝑆 𝜑𝑋, 𝜑𝑍 𝑔 𝜑𝑌, 𝜑𝑊           
+𝑔 𝜑𝑌, 𝜑𝑍 𝑆 𝜑𝑋, 𝜑𝑊 

− 𝑔 𝜑𝑋, 𝜑𝑍 𝑆(𝜑𝑌, 𝜑𝑊)} 

On a type of Para-Sasakian manifold 
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+
𝑟

 𝑛 − 1 (𝑛 − 2)
{𝑔 𝜑𝑌, 𝜑𝑍 𝑔 𝜑𝑋, 𝜑𝑊 

− 𝑔 𝜑𝑋, 𝜑𝑍 𝑔 𝜑𝑌, 𝜑𝑊 } 

                               
Using equations (1.1), (1.3) and (1.5) in 

above equation, we have 

𝐶 ′ 𝜑𝑋, 𝜑𝑌, 𝜑𝑍, 𝜑𝑊 =
[ 𝑔 𝑋, 𝑍 − 𝜂 𝑋 𝜂 𝑍   𝑔 𝑌, 𝑊 − 𝜂 𝑌 𝜂 𝑊   
                        

− 𝑔 𝑌, 𝑍 − 𝜂 𝑌 𝜂 𝑍  {𝑔 𝑋, 𝑊 − 𝜂 𝑋 𝜂 𝑊 }] 

−
1

𝑛 − 2
[{𝑆 𝑌, 𝑍 

+  𝑛 − 1 𝜂 𝑌 𝜂 𝑍 } 𝑔 𝑋, 𝑊 
− 𝜂 𝑋 𝜂(𝑊)  

−{𝑆 𝑋, 𝑍 +  𝑛 − 1 𝜂 𝑋 𝜂 𝑍 }{𝑔 𝑌, 𝑊 
− 𝜂 𝑌 𝜂 𝑊 } 

+{𝑔 𝑋, 𝑍 − 𝜂 𝑋 𝜂 𝑍 }{𝑆 𝑌, 𝑊 
+  𝑛 − 1 𝜂 𝑌 𝜂 𝑊 } 

−{𝑔 𝑌, 𝑍 − 𝜂 𝑌 𝜂 𝑍 }{𝑆 𝑋, 𝑊 
+  𝑛 − 1 𝜂 𝑋 𝜂 𝑊 }] 

+
𝑟

 𝑛 − 1 (𝑛 − 2)
[{𝑔 𝑌, 𝑍 

− 𝜂 𝑌 𝜂 𝑍 }{𝑔 𝑋, 𝑊 
− 𝜂 𝑋 𝜂 𝑊 } 

−{𝑔 𝑋, 𝑍 − 𝜂 𝑋 𝜂 𝑍 }{𝑔 𝑌, 𝑊 − 𝜂 𝑌 𝜂 𝑊 }] 
=  𝑔 𝑋, 𝑍 𝑔 𝑌, 𝑊 − 𝑔 𝑋, 𝑊 𝑔 𝑌, 𝑍  −
𝜂 𝑊 {𝑔 𝑋, 𝑍 𝜂 𝑌  
−𝑔(𝑌, 𝑍)𝜂(𝑋)} + 𝜂 𝑍 {𝑔 𝑋, 𝑊 𝜂 𝑌 

− 𝑔(𝑌, 𝑊)𝜂(𝑋)} 

−
1

𝑛−2
[𝑆 𝑌, 𝑍 𝑔 𝑋, 𝑊 − 𝑆 𝑋, 𝑍 𝑔 𝑌, 𝑊 +

𝑔 𝑌, 𝑍 𝑆 𝑋, 𝑊           
−𝑔 𝑋, 𝑍 𝑆 𝑌, 𝑊 − 𝑆 𝑋, 𝑍 𝜂 𝑌 𝜂 𝑊 +
𝑆 𝑌, 𝑍 𝜂 𝑋 𝜂 𝑊              
− 𝑛 − 1 𝑔 𝑌, 𝑍 𝜂 𝑋 𝜂 𝑊 +
 𝑛 − 1 𝑔 𝑋, 𝑍 𝜂 𝑌 𝜂 𝑊    
− 𝑆 𝑌, 𝑍 𝜂 𝑋 𝜂 𝑊 + 𝑆 𝑋, 𝑊 𝜂 𝑌 𝜂 𝑍 −
 𝑛 − 1 𝑔 𝑌, 𝑊 𝜂 𝑋 𝜂 𝑍    
+ 𝑛 −
1 𝑔 𝑌, 𝑊 𝜂 𝑋 𝜂 𝑍 ]

+
𝑟

 𝑛−1 (𝑛−2)
[𝑔 𝑌, 𝑍 𝑔(𝑋, 𝑊) 

−𝑔 𝑋, 𝑍 𝑔 𝑌, 𝑊 + 𝑔 𝑋, 𝑍 𝜂 𝑌 𝜂 𝑊 
− 𝑔 𝑌, 𝑍 𝜂 𝑋 𝜂(𝑊) 

+𝑔 𝑌, 𝑊 𝜂 𝑋 𝜂 𝑍 − 𝑔 𝑋, 𝑊 𝜂 𝑌 𝜂(𝑍)] . 
After some calculations, we have 

𝐶 ′ 𝜑𝑋, 𝜑𝑌, 𝜑𝑍, 𝜑𝑊 
= 𝐶 ′ 𝑋, 𝑌, 𝑍, 𝑊 
− 𝜂 𝑊 𝐶 ′ 𝑋, 𝑌, 𝑍, 𝜉 
+ 𝜂(𝑍)𝐶 ′ 𝑋, 𝑌, 𝑊, 𝜉  

This completes proof of the theorem. 
 

THEOREM  
 

(3): In a Para-Sasakian manifold with 
constant curvature -1, we have 

𝐻′ 𝜑𝑋, 𝜑𝑌, 𝜑𝑍, 𝜑𝑊 
= 𝐻′ 𝑋, 𝑌, 𝑍, 𝑊 
− 𝜂 𝑊 𝐻′ 𝑋, 𝑌, 𝑍, 𝜉 
+ 𝜂(𝑍)𝐻′ 𝑋, 𝑌, 𝑊, 𝜉  

Where m - projective curvature tensor is 
given by 3 

𝐻 𝑋, 𝑌, 𝑍 = 𝑅 𝑋, 𝑌, 𝑍 −
1

2(𝑛−1)
 𝑆 𝑌, 𝑍 𝑋 −

𝑆 𝑋, 𝑍 𝑌 + 𝑔 𝑌, 𝑍 𝑄𝑋 − 𝑔 𝑋, 𝑍 𝑄𝑌            (1.10)                                              

and  𝐻′ 𝑋, 𝑌, 𝑍, 𝑊 = 𝐻′ 𝑍, 𝑊, 𝑋, 𝑌   
 

PROOF 
 

From (1.10), we have 

 𝐻′ 𝑋, 𝑌, 𝑍, 𝑊 = 𝑅′ 𝑋, 𝑌, 𝑍, 𝑊 

−
1

2(𝑛 − 1)
{𝑆 𝑌, 𝑍 𝑔 𝑋, 𝑊 

− 𝑆 𝑋, 𝑍 𝑔(𝑌, 𝑊) 

+ 𝑔 𝑌, 𝑍 𝑆 𝑋, 𝑊 − 𝑔 𝑋, 𝑍 𝑆(𝑌, 𝑊)}        (1.11) 
                                     

Operating  𝜑  on X, Y, Z and W on both 
sides of (1.11), we have 

𝐻′ 𝜑𝑋, 𝜑𝑌, 𝜑𝑍, 𝜑𝑊 
= 𝑅′ 𝜑𝑋, 𝜑𝑌, 𝜑𝑍, 𝜑𝑊 

−
1

2 𝑛 − 1 
{𝑆 𝜑𝑌, 𝜑𝑍 𝑔 𝜑𝑋, 𝜑𝑊  

−𝑆 𝜑𝑋, 𝜑𝑍 𝑔 𝜑𝑌, 𝜑𝑊 + 𝑔 𝜑𝑌, 𝜑𝑍 𝑆 𝜑𝑋, 𝜑𝑊      
−𝑔 𝜑𝑋, 𝜑𝑍 𝑆(𝜑𝑌, 𝜑𝑊)} . 

Using equations (1.1), (1.3) and (1.5) in 
above equation, we have 

𝐻′ 𝜑𝑋, 𝜑𝑌, 𝜑𝑍, 𝜑𝑊 =
[ 𝑔 𝑋, 𝑍 − 𝜂 𝑋 𝜂 𝑍   𝑔 𝑌, 𝑊 − 𝜂 𝑌 𝜂 𝑊   
                        

− 𝑔 𝑌, 𝑍 − 𝜂 𝑌 𝜂 𝑍  {𝑔 𝑋, 𝑊 − 𝜂 𝑋 𝜂 𝑊 }] 

Singh 



188  Science Vision © 2011 MIPOGRASS. All rights reserved 

1

𝑛 − 2
[{𝑆 𝑌, 𝑍 +  𝑛 − 1 𝜂 𝑌 𝜂 𝑍 } 𝑔 𝑋, 𝑊 

− 𝜂 𝑋 𝜂(𝑊)  
−{𝑆 𝑋, 𝑍 +  𝑛 − 1 𝜂 𝑋 𝜂 𝑍 }{𝑔 𝑌, 𝑊 

− 𝜂 𝑌 𝜂 𝑊 } 

+{𝑔 𝑋, 𝑍 − 𝜂 𝑋 𝜂 𝑍 }{𝑆 𝑌, 𝑊 
+  𝑛 − 1 𝜂 𝑌 𝜂 𝑊 } 

−{𝑔 𝑌, 𝑍 − 𝜂 𝑌 𝜂 𝑍 }{𝑆 𝑋, 𝑊 
+  𝑛 − 1 𝜂 𝑋 𝜂 𝑊 }] 

=  𝑔 𝑋, 𝑍 𝑔 𝑌, 𝑊 − 𝑔 𝑋, 𝑊 𝑔 𝑌, 𝑍  −
𝜂 𝑊 {𝑔 𝑋, 𝑍 𝜂 𝑌  
−𝑔(𝑌, 𝑍)𝜂(𝑋)} + 𝜂 𝑍 {𝑔 𝑋, 𝑊 𝜂 𝑌 

− 𝑔(𝑌, 𝑊)𝜂(𝑋)} 

−
1

𝑛−2
[𝑆 𝑌, 𝑍 𝑔 𝑋, 𝑊 − 𝑆 𝑋, 𝑍 𝑔 𝑌, 𝑊 +

𝑔 𝑌, 𝑍 𝑆 𝑋, 𝑊           
−𝑔 𝑋, 𝑍 𝑆 𝑌, 𝑊 − 𝑆 𝑋, 𝑍 𝜂 𝑌 𝜂 𝑊 +
𝑆 𝑌, 𝑍 𝜂 𝑋 𝜂 𝑊              
− 𝑛 − 1 𝑔 𝑌, 𝑍 𝜂 𝑋 𝜂 𝑊 +
 𝑛 − 1 𝑔 𝑋, 𝑍 𝜂 𝑌 𝜂 𝑊    
− 𝑆 𝑌, 𝑍 𝜂 𝑋 𝜂 𝑊 + 𝑆 𝑋, 𝑊 𝜂 𝑌 𝜂 𝑍 −
 𝑛 − 1 𝑔 𝑌, 𝑊 𝜂 𝑋 𝜂 𝑍    
+ 𝑛 − 1 𝑔 𝑌, 𝑊 𝜂 𝑋 𝜂 𝑍 ] 

= 𝑅′ 𝑋, 𝑌, 𝑍, 𝑊 −
1

2(𝑛 − 1)
{𝑆 𝑌, 𝑍 𝑔 𝑋, 𝑊 

− 𝑆 𝑋, 𝑍 𝑔(𝑌, 𝑊) 

+𝑔 𝑌, 𝑍 𝑆 𝑋, 𝑊 − 𝑔 𝑋, 𝑍 𝑆(𝑌, 𝑊)}
− 𝜂(𝑊)[𝑔(𝑋, 𝑍)𝜂(𝑌) 

−𝑔 𝑌, 𝑍 𝜂 𝑋 −
1

2(𝑛 − 1)
{𝑆 𝑌, 𝑍 𝜂 𝑋 

− 𝑆 𝑋, 𝑍 𝜂 𝑌 
+  𝑛 − 1 𝑔(𝑋, 𝑍)𝜂(𝑌) 

− 𝑛 − 1 𝑔 𝑌, 𝑍 𝜂(𝑋)}] + 𝜂(𝑍)[𝑔(𝑋, 𝑊)𝜂(𝑌)
− 𝑔(𝑌, 𝑊)𝜂(𝑋) 

−
1

2(𝑛 − 1)
{𝑆 𝑌, 𝑊 𝜂 𝑋 − 𝑆 𝑋, 𝑊 𝜂 𝑌 

+  𝑛 − 1 𝑔(𝑋, 𝑊)𝜂(𝑌)  
+ 𝑛 − 1 𝑔 𝑋, 𝑊 𝜂 𝑌   −  𝑛 −
1 𝑔 𝑌, 𝑊 𝜂(𝑋)}]. 

Therefore, finally we have 

𝐻′ 𝜑𝑋, 𝜑𝑌, 𝜑𝑍, 𝜑𝑊 

= 𝐻′ 𝑋, 𝑌, 𝑍, 𝑊 
− 𝜂 𝑊 𝐻′ 𝑋, 𝑌, 𝑍, 𝜉 

+ 𝜂(𝑍)𝐻′ 𝑋, 𝑌, 𝑊, 𝜉  

This completes proof of the theorem. 
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