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ABSTRACT

The present paper deals with the study of the geometrical properties of some almost contact met-
ric manifolds such as generalized almost contact metric normal manifold and nearly M-manifolds.
Almost contact manifolds play an important role in differential geometry. The author has proved
that a generalized almost contact metric normal manifold admits nearly M-manifold.

Key words: Almost contact metric manifolds; near]y M- manifold; affine connection.

INTRODUCTION

Consider an odd dimensional differential

manifold of differentiability class C” - on which
there are defined a tensor field F of type (1,1), a
vector field T and a 1-form A satisfying for
arbitrary vector fields X,Y,Z

(@) X+X=AX)T

(b) X def F(X)

© AX)=0

@ A(T)=1, 1.1
then M2m,, is said to be an almost contact
manifold.

An almost contact manifold M,,,.; on which
a metric tensor g satisfying

(@) 'F(XaY) = g(X’Y) = _g(Xa?)
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b gX,T)=A(X), (1.2)
is called an almost contact metric manifold with
structure {F, T, A, g} [1].

If on an almost contact metric manifold T
satisfying
(D A)(¥) =(DeA) (V) =

(a) _
-(D,4)(X) <
(DXA)(Y) = _(DYA)(X) = _(DYAX?)
and (b) D, F=0 (1.3)

then T is said to be of second class and the

manifold is said to be of second class.
The almost contact metric

satisfying [3]
(DX'F)(Y,Z)—(DX'F)(Y,Z):
2A(Z) (DyA)(Y)-A(Y)(DyA)(Z)
(Dy'F)(Y,Z)+(D,'F)(X,Z) =

A(Y) (DgA)(Z)+ A(X)(DyA)(Z)

manifolds

(1.4)

(1.5)
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where D is Riemannian connection, are called
generalized almost contact metric normal
manifold and nearly M-manifold respectively.

An almost contact metric manifold is said to
be quasi-Sasakian manifold, if

d'F=0s(D,'F) (Y, 2)+(Dy'F)(Z,X)+
(D,'F) (X,Y) =0

(1.6)
On an almost contact metric manifold
following hold [2].

(@) (DXA)(Y) =g (DxTaY)

® (Dx'FXY,T)=—(D,AXY)
(Dy'F)(Y,Z)+(D,'F)(¥,Z) =
AY)(DyA)Z) - AZ) (DyA) (Y)
(Dy'F)(Y,Z)-(Dy'F)(Y,Z)=
A(Z) (DyA)(Y)+AY)(DyA)(Z)

©

(d
(1.7)

Nijenhuis tensor with respect to F is a vector
valued, bilinear function N, given by

N(X,Y)=(DyF)(¥)—(D;F)(X) -
(DyF)(Y) + (DyF)(X)

(1.8)

Let us assume that
M,(X,Y)=D;Y -D,Y -D.Y
-D,Y +A(D,Y)T

Or

®) M,(X,Y)= (D FXY)-(D,F)Y)

(a)

(1.9)

An almost contact metric manifold is said to
be integrable, if

'N(X,Y.Z)=0

Generdlized almost contact metric
normal manifold

Theorem (2.1): On a generalized almost

contact metric normal manifold, we have

(@ 'F(Y.D.T-DyT)+2(DAXY)=0

® NE.T)-N(T.X)= 4D A)T)T

2.1

Proof: Putting T for Z in (1.5), we get

(D5 'FXY,T)- (Dx'FXY, T)=2(D5AXY)
Or

)?(F(YT)) —'F(Dy¥,T)-"F(Y,D;T)

-X('"F(Y,T))

+F(D, Y, THF(Y,D,T)=2(D,AXY)
By using 'F(X,T) =0 in above, we get

~'F(Y,D_ THF(Y,D,T)=2(D,A)Y)
Or
—o¥.D,T)-g(v.D,T)=2(D,A)Y)
g(Y.D;T-D,T)=2(DyA)(Y)
=

+A(Y) A(DgT)
Barring Y in above equation, we get (2.1) (a)
Now, from (1.4) we have
(D:'F)(X) = (D, F)(¥) =

2(DgA)(Y)T + AY)(D,T)

(2.2)
Barring Y in (2. 2), we obtain

(DF)(Y)+(DyF)(X)+AQX)(DsT)
=2(D,A)(Y)T

2.3)
Now, from (1.8) we have

N(X,Y)=(DF)(Y)+(D,F)(X)

~(DyF)(X)+(DyF)(X)

(2.4)
thus, from above equation, we have

N(X,Y)-N(Y,X)=(DsF)(Y)
~(DyF)(¥)—(DyF)(X)+(D,F)(X)
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Y

~(DyF)(Y)+(D,F)(X)

+ D, F)(X)—(DzF)(Y)

(2.5)
Using (1.3), (2. 2), (2. 3) in equation (2. 5),
we obtain

N(X,Y)-N(Y,X)=2(DyA)(")T

+A(Y)(DXT) ~2(Dy 4)(X)T

- A00(ByT)+ AB;T - A00(B,7)
Or

N(X,7)-N(Y,X) = A(Y) (DXT +ﬂ)

—A(X)(ﬁ +ﬁ)

+4(DA)Y)T 2. 6)
Barring X and Y in equation (2. 6) and using
(1.3), we get ((2.1) b)

Theorem 2.2: A generalized almost contact
metric normal manifold admits nearly M-
manifold.

Proof: From (1.4), we have

(D;'F) (?,z)—(DX 'F)(Y,Z)=2
A(Z)(DyA)(Y)-AY)(DyA)(Z)

2.7)
Interchanging X and Y, we get

(D?'F)(Y,Z)—(DY 'F)(X,Z)=

24(2)(D, A)(X) - A(X)(D,4)(Z)
(2.8)
Adding (2.7) and (2.8) and using (1.5), we get
(D, 'F)(Y,2)+(D,'F)(X,Z) =
AY) (D3 A)(Z)+ A(X)(DyA)(2)

which complete the proof.

Affine Connection

Let B be an affine connection in an almost
contact metric manifold. Put

B,Y=D,Y+H(X)Y). (3.1)
The Torsion tensor S of B is given by
S(X,Y)=H(X,Y)—-H(Y,X) 3.2)

where

'S(X,Y,Z2) ="H(X,Y,Z)-'H(Y, X,Z)
(3.3)
where

'S(X,Y,Z)=g(S(X,Y),Z) and
'H(X,Y,Z)=g(H(X,Y),Z)

Theorem 3.1: On a generalized almost
contact metric normal manifold, we have

2A(2)[(BANY HH(T,Y, T))
= AY)|(B;ANZ}H(,Z,T)]

Proof: From ((1.3) b), we have
D,F =0, which implies
T'F(X,Y)="F(D;X,Y +'F(X,D,Y)
= (B,'F)X, Y +'F(B,X,Y +'F(X,B,Y)
Or

(3.4)

(B,'FXX,Y) ='H(T,X, Y -'H(T,Y,X)
(3.5)
Similarly, we have
(D,'F)(Y,Z)=(B,'F)(Y,Z2)
(3.6)

—'H(X,Y,Z)+'H(X,Z,Y)
Barring X anil Y in above eqliation, we get
(D;? 'F)(Y’Z) :(B;?'F)(Y’Z)
_ _ = 3.7
—'H(X,Y,Z)+'H(X,Z,Y)
Also, we have
AY)(D,4)(Z)=
A(Y)[(DXA)(Z) +'H(X,Z,T)]

3.8)
and
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A(Z) (Dy4)(Y)=

AZ) [(ByA)(Y)+'H(X,7,T)]

3.9
Putting these values in equation (1.4), we
have

(B,'F)Y,Z)- (B, 'F)Y.Z)-'H(X,Y,Z)
vH(X, z,?)+'H(X,Y, Z)}-'H(X,ZY)

= 2A(Z)|(BLAXY)+H(X, Y, T)|

~ A(Y)|(ByAXZ)+'H(X,Z,T)] oo

Putting X = T and using (3.4) in equation
(3.9), we get the equation (3.1.1).

Theorem 3.2 When B satisfies

(@ B,'F=0

® 'HX.Y.ZWHXZY)=0 @11
and generalized almost contact metric normal
manifold is integrable, then

4'H(X,Y,Z)=2(D;'F)(Z,Y)

+(D,'F)(V.X)~(D; 'F)(Z.X)

+(D,'F)(%.7)-(p, 'F)(¥.Z)
(3.12)
Proof: From (1.4), we have

(D' F)(Y,Z)~(Dy'F)(Y,Z) =
24(Z)(DyA)(Y )~ AY)(Dy A)(Z)

(3.13)
Similarly, writing two other equations by cyclic
order of X, Y, Z we get

(Dy'F)(Z.X)-(D," F)(Z.X) =
2A(X)(Dy4)(Z)- A(Z)(D, 4)(X)

(3.149)
and

(DZ'F)()_(’Y)_(DZ
24(Y)(D,4)(X) - A(X)(D,4)(T)

'F)(X,Y)=

(3.15)

Adding (3.13), (3.14) and (3.15), we get
(DX'F)(Y’Z)JF(DY'F)(Z’X)
+(D,'F)(X.Y)-(d'F)(X,Y.Z)
. AX)(DyA)(Z)+ AY)(D,4)(X) |

+A(Z)(DgA)(Y) |
AX)(D,A)(Y )+ AY)(DyA)(Z) +]
AZ)(D,A4)(X)

Using (1.3) in the above equation, we obtain

(D;'F)(Y.2)+(D;y ' F)(Z,X)
+(D,'F)(X.Y)-(d'F)(X,Y.Z)
- 3{14()() (Dg4)(Z)+ A(Y)(D,4)(X)

+A(Z)(DzA)(Y)
(3.16)
thus, we have
(d'F)(%.7.,Z)= (D 'F)(7.,Z)
—(DY'F)(Z X) ( )
3.17)

Interchanging, Y and Z in above equation,
we get
(¢'F) (X2.Y)=-(D; 'F)(ZY)
_ o (3.18)
~(D.'F)(7,X)+(D; 'F)(%,Z)
We know that necessary condition for an
almost contact manifold to be integrable is [2]
@'F)(X7,Z)-(d'F)(X,Z7)
~4'H(X,7,Z)
(3.19)

Now, using (3.17) and (3.18) in equation
(3.19), we obtain (3.12).

Theorem 3.3 When B satisfies
(@ B,'F=0

Science Vision © 2012 MIPOGRASS. All rights reserved 167



On a generalized almost contact metric normal manifold

® 'H(X,Y,ZHH(Y.X,Z)=0 (3.20)
and generalized almost contact metric normal
manifold is completely integrable, then

2 H(X.Y.Z)= (D F)(7.2)

+(D?'F)(Z?)+(D 'F)(} 7).
Proof: We have [2]
YH(X.Y.Z)=(dF)(X.Y.Z)
From equation (3.2.6), we have
(d'F)(X.7,Z)=(D;'F)
+(D?‘F)(§,)_()+(D§' )

From equation (3.22) and (3.23
(3.21).

—

we get equation

Theorem 3.4: A generalized almost contact
metric normal manifold is a quasi-Sasakian
manifold, if

(D;'F)(Y.,2)+(D;'F)(Z,X)

+(D,'F)(X.Y)
'M,(X,7,Z)+'M, (Y,Z,X)]
+'M,(Z,X,Y)

(3.24)
and

@ By'F=0 (b)
'H(X,Y,ZWH(Z,Y,X)=0 (3.25)

Proof: From equation (1.9.b), we have

'M,(X,Y,Z) = (D 'FXY.Z) + (D, 'F)Y,Z)
Barring Y and using (1.4) in above, we obtain

"M, (X,Y.Z)= A(Z)(D,AXY)

In consequence of above equation, we have

"M, (X, Y, ZH M, (Y, Z,X)+'M,(2,X,Y)

= A(X) (DYA)(_Z)+ AT) (DZA)(X)(3.26)
+A(Z) (DyA)(T)

Now using (3.25) in above equation, we get

(d'F)(X’Y’Z):zl'H(z,Y)‘()wH(X,Y,Zq

+H(Y,X,Z)

(3.27)

From (3.16), we have

(Dy'F)(Y,Z)+(D;'F)(Z,X)+(D,' F)(X,Y)
~(d'F)(X,Y,Z)
s AX)(D; 4)(Z)+ A(Y)(D,A)(X)
| +42) (D A))
From equations (3.27) and (3.28), we have

] (3.28)

(D;'F)(Y,Z)+(D;'F)(Z,X)+(D,' F)(X,Y)
—(d'F)(Z,X,Y)
‘M, (X,Y.Z)+'M,(X,Z,X)
B L'Ml (z.x.Y) ]
(3.29)

The condition for an almost contact metric
manifold to be quasi-Sasakian manifold is

(d'F)(X,Y,Z)=0.
Thus in consequence of the above equation
and (3.29), we get (3.24).

Theorem 3.5 On a generalized almost
contact metric normal manifold, F is killing if

(D;'F)(Y,z)+(D;'F)(X,2)=
AX)(D,A)(Y)+AY)(D,4)(X)

(3.30)
Proof: From (1.4), we have

(Dy'F)(Y,2)-(D,'F)(Y,Z)
2A(Z)(DyA)(Y) - AY) (DyA4)(Z)

.(3.31)
Interchanging X and Y in above equation, we
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Proof: Barring Y and Z in (3.10), we have
(B, 'F)Y.Z)- (B,'FY.2)
“H(X.Y.Z}'H(X.Z.Y)
+H(X.Z.YH(X.Y.Z) (3.35)
Using (3.33) in equation (3.35), we get
'H(X.Y.ZJ*H(X.Z.Y)=0

this completes the proof.
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